Motion Planning and Feedback Control of Simulated Robots in Multi-Contact Scenarios by Ponton, Brahayam
brahayam ponton
M O T I O N P L A N N I N G A N D F E E D B A C K C O N T R O L O F
S I M U L AT E D R O B O T S I N M U LT I - C O N TA C T S C E N A R I O S

M O T I O N P L A N N I N G A N D F E E D B A C K C O N T R O L
O F S I M U L AT E D R O B O T S I N M U LT I - C O N TA C T
S C E N A R I O S
Dissertation
der Mathematisch-Naturwissenschaftlichen Fakultät
der Eberhard Karls Universität Tübingen
zur Erlangung des Grades eines
Doktors der Naturwissenschaften
(Dr. rer. nat.)
vorgelegt von
MSc. brahayam ponton
aus Quito / Ecuador
Tüebingen
2019
Gedrückt mit Genehmigung der Mathematisch - Naturwissenschaftlichen Fakultät
der Eberhard Karls Universität Tübingen.
Tag der mündlichen Qualifikation: 16.07.2019
Dekan: Prof. Dr. Wolfgang Rosenstiel
1. Berichterstatter: Prof. Dr. Ludovic Righetti
2. Berichterstatter: Prof. Dr. Hendrik Lensch
iv
To my beloved parents and little sister
Movement Generation and Control Group
Autonomous Motion Department
Max-Planck Institute for Intelligent Systems
Tübingen, Germany
Computer Graphics Group
Department of Computer Science
Eberhard Karls Universität Tübingen
Tübingen, Germany
© 2019 Brahayam Ponton. All rights reserved.

A B S T R A C T
This dissertation presents an optimal control-based architecture for motion plan-
ning and feedback control of simulated robots in multi-contact scenarios. Motion
planning and control are fundamental building-blocks for the creation of truly
autonomous robots. While there has been tremendous progress in these areas for
fixed-base manipulators and wheeled robots, the motion planning and control
problem for floating-base robots such as those with arms and legs is still an open
one, as experienced in recent robotic challenges where the need for efficient and
robust algorithmic approaches was made evident. Under this context, this disserta-
tion proposes an architecture to tackle two main challenges, namely: the efficient
planning of contact sequences and whole-body movements for floating-base robots
as well as its successful execution using feedback control policies capable of coping
with environmental uncertainties.
One of the first steps to successfully realize complex motions is the ability to effi-
ciently synthesize them, which if achievable in a close to real-time receding-horizon
fashion makes it possible to reactively control a robot based on its current state.
Traditional whole-body trajectory optimization approaches allow to fully exploit
the robot’s capabilities; however, they are computationally very costly to be run
in an online fashion. To overcome this algorithmic challenge, the motion planning
architecture proposed in this dissertation exploits the geometrical properties of
the problem to efficiently approximate a local solution using a polynomial-time
algorithm, but without sacrificing expressiveness for synthesizing complex motion
behaviors. Using the proposed approach, it will be shown that a wide range of
time-optimal highly dynamic motions can be generated for humanoid as well as for
quadruped robots.
Furthermore, based on the efficient computation of solutions for dynamic feasi-
bility of movement plans and thanks to its convex convergence properties, it will be
shown that it is also possible to efficiently select sequences of contacts in complex
terrains based on a measure of dynamical robustness using a mixed-integer solver.
This constitutes a very important step towards designing contact planners that
go beyond traditional approaches based on quasi-static stability assumptions and
that can be used in more complex and dynamic scenarios such as crossing a wide
gap, going down a steep slope or reactively selecting a new contact location in a
push-recovery task.
Despite the benefits that a fast contacts and motion replanning loop could bring at
enhancing the execution’s success rate of generated motions; due to environmental
uncertainties and the still non real-time replanning rates of the planning algorithms,
a feedback control architecture for the execution of movement plans is advantageous
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and can greatly contribute to the successful accomplishment of motion tasks. To
this end, a feedback control architecture is proposed to execute movement plans in
tasks involving multi-contact interactions. This architecture builds upon two key
elements: Firstly, it exploits the superposition property of impedances to stabilize
desired movement plans based on its kino-dynamic nature. Secondly, it can generate
feedback behaviors adaptive to the uncertainty type (e.g. within dynamics or
measurement model) using a noise-sensitive algorithm that introduces a systematic
way to react in the presence of uncertainties by incorporating higher-order statistics
of the performance measure within the policy optimization. The resulting feedback
law not only exploits all the couplings between the degrees of freedom of the robot
for optimal tracking of kino-dynamic movement plans, but also provides the robot
a policy sensitive to the type of uncertainty it can find in contact interaction tasks.
In summary, a motion planning and feedback control architecture for legged
robots based on efficiently exploiting the mathematical structure of the problems
with dedicated solvers is proposed. This contribution brings the state-of-the-art
closer to the vision of real-time whole-body control for robots with arms and legs
in complex and highly dynamic environments.
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Z U S A M M E N FA S S U N G
Diese Dissertation präsentiert eine optimale steuerungsbasierte Architektur für die
Bewegungsplanung und Rückkopplungssteuerung simulierter Roboter in Multikon-
taktszenarien. Bewegungsplanung und -steuerung sind grundlegende Bausteine für
die Erstellung wirklich autonomer Roboter. Während in diesen Bereichen enorme
Fortschritte für Manipulatoren mit festem Sockel und Radrobotern in den letzten
Jahren erzielt wurden, besteht das Problem der Bewegungsplanung und -steuerung
für Roboter mit Armen und Beinen immer noch ein ungelöstes Problem, das die
Notwendigkeit effizienterer und robusterer Algorithmen belegt. In diesem Zusam-
menhang wird in dieser Dissertation eine Architektur vorgeschlagen, mit der zwei
Hauptherausforderungen angegangen werden sollen, nämlich die effiziente Planung
von Kontaktsequenzen und Ganzkörperbewegungen für Floating-Base-Roboter so-
wie deren erfolgreiche Ausführung mit Rückkopplungsregelungsstrategien, die
Umgebungsunsicherheiten bewältigen können.
Einer der ersten Schritte zur erfolgreichen Verwirklichung komplexer Bewegungs-
abläufe ist die Fähigkeit, diese effizient zu synthetisieren. Wenn dies in Echtzeit
möglich ist, kann der Roboter basierend auf seinem aktuellen Zustand reaktiv ge-
steuert werden. Herkömmliche Ansätze zur Optimierung der Ganzkörperflugbahn
ermöglichen es, die Fähigkeiten des Roboters voll auszunutzen, jedoch sind sie
für die Online-Ausführung sehr zeitintensiv. Um dieser algorithmische Herausfor-
derungen in Angriff zu nehmen, nutzt die in dieser Dissertation vorgeschlagene
Bewegungsplanungsarchitektur die geometrischen Eigenschaften des Problems, um
eine lokale Lösung mit einem Polynomialzeit-Algorithmus effizient anzunähern,
ohne jedoch die Ausdruckskraft für die Synthese komplexer Bewegungsverhalten
abzuwägen. Mit dem vorgeschlagenen Ansatz wird gezeigt, dass ein breites Spek-
trum an zeitoptimalen hochdynamischen Bewegungen sowohl für humanoide als
auch für vierbeinige Roboter erzeugt werden kann.
Basierend auf der effizienten Berechnung von Lösungen für die dynamische Mach-
barkeit von Bewegungsplänen und dank der konvexen Konvergenzeigenschaften
wird außerdem gezeigt, dass es auch möglich ist, Kontaktsequenzen in komplexen
Gebieten basierend auf einer Messgröße von dynamische Robustheit mithilfe eines
Mixed-Integer-Solvers optimal auszuwählen. Dies ist ein sehr wichtiger Schritt bei
der Gestaltung von Kontaktplanern, die über herkömmliche Ansätze hinausgehen,
die auf quasi-statischen Stabilitätsannahmen basieren, und die in komplexeren und
dynamischeren Szenarien verwendet werden können, z. B. beim Überqueren einer
großen Lücke, bei einem steilen Abhang oder bei der reaktiven Auswahl eines
neuen Kontaktorts in eine Push-Recovery-Aufgabe.
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Trotz der Vorteile einer schnellen Kontakt- und Bewegungsplanungsschleife bei
der Verbesserung der Erfolgsrate der durchgeführten Bewegungen, aufgrund von
Umgebungsunsicherheiten und den noch nicht in Echtzeit erfolgenden Neupla-
nungsraten der Architektur ist eine Rückkopplungssteuerungsarchitektur für die
Ausführung von Bewegungsplänen von Vorteil und kann erheblich zur erfolgreichen
Durchführung von Bewegungsaufgaben beitragen. Zu diesem Zweck wird eine
Rückkopplungssteuerungsarchitektur vorgeschlagen, um Bewegungspläne in Auf-
gaben, die Multikontaktinteraktionen umfassen, auszuführen. Die Architektur baut
auf zwei Schlüsselelementen auf: Erstens nutzt sie die Überlagerungseigenschaft
von Impedanzen zur Stabilisierung gewünschter Bewegungspläne aufgrund ihrer
kinodynamischen Natur. Zweitens kann sie Rückkopplungsverhalten erzeugen,
die an den Unsicherheitstyp angepasst sind (z. B. innerhalb eines Dynamik- oder
Messmodells). Dazu wird ein geräuschsensitiver Algorithmus verwendet, der eine
systematische Methode zur Reaktion auf Ungewissheiten einführt, indem Statistiken
der Leistungsmessung höherer Ordnung in die Optimierung einbezogen werden.
Das daraus resultierende Regelgesetz nutzt nicht nur alle Kopplungen zwischen
den Freiheitsgraden des Roboters zur optimalen Verfolgung kino-dynamischer
Bewegungspläne, sondern bietet dem Roboter auch ein Regelgesetz, das auf die Art
der Unsicherheit anspricht, die er bei Kontaktaufgaben finden kann.
Zusammenfassend wird eine Architektur für Bewegungsplanung und Rückkopp-
lungssteuerung für Floating-Base-Roboter vorgeschlagen, die auf einer effizienten
Ausnutzung der mathematischen Struktur der Probleme mit dedizierten Lösern
basiert. Dieser Beitrag hat uns die Vision der Echtzeit Ganzkörper Steuerung für
Roboter mit Armen und Beinen in komplexen und hochdynamischen Umgebungen
näher gebracht.
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P R E FA C E
This dissertation proposes an optimal control based architecture for motion planning
and feedback control for robots with arms and legs. It consists of six chapters.
Chapter 1 is an introductory chapter that highlights the potential of legged robots
in our society, but also describes the problems for contacts planning, whole-body
motion generation and feedback control design, which embeds this dissertation
into the context of related approaches and motivates the open challenges to be
addressed in the following chapters. It also defines the scope of this research in
terms of the type of problems considered and the selected optimization-based
approach. Chapter 2 formally presents the proposed motion planning and feedback
control architecture, as well as a summary of the contributions. Chapters 3, 4 and 5
present the theoretical and experimental contribution of this dissertation in terms of
contacts and whole-body motion generation algorithms, as well the feedback control
architecture for stabilization of whole-body movement plans. Finally, Chapter 6
summarizes and concludes this dissertation.
1

Chapter1
I N T R O D U C T I O N
My heart is on the work!
— Andrew Carnegie, Scottish - American industrialist
and philanthropist, 1835 - 1919
Given the rapid development of our society, it is not unrealistic to believe that
in a not too distant future, robots will have an important place in our daily lives
by supporting our society within a broad spectrum of applications ranging from
industry and service to common household scenarios and elderly care [1]. Con-
sequently, the design of algorithms for efficient planning of complex whole-body
robotic behaviors as well as of feedback control strategies for the safe operation of
robots among humans in unstructured, uncertain and highly dynamic environments
are fundamental pieces for the future of autonomous robots [2, 3, 4] and really
exciting research problems with far-reaching applications in our society.
For instance, robots (guided by high-level task descriptions) could assist their
human supervisors: in factory or industry settings within intensive or repetitive
manufacturing tasks [5, 6, 7, 8], in construction sites with transport and operation
of heavy tools throughout the environment [9], in rescue or disaster relief scenarios
within risky and very dangerous tasks for humans [10, 11, 12], in elderly care with
daily chores and company [13], among many others. In the way to fulfilling our
vision of robots that achieve human levels of competence at movement generation
and control of complex tasks, and are thus capable of successfully filling-in many
useful roles in society, we first need to understand the underlying principles that
would allow us to overcome the major challenges for efficiently planning and
controlling the task-oriented movement of a robot with arms and legs.
Among the major challenges that a legged robot faces when performing a task
are to decide: where and when to contact the environment to avoid falling, in
which direction and how fast to move its body (specially in the case of highly
dynamic motions such as jumps), how compliant to behave with an uncertain
environment, among others. A freely moving legged robot needs to coherently
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coordinate its movement and its interaction with the environment via intermittent
physical contacts to successfully perform a desired task while keeping its balance.
Furthermore, in real-world scenarios it needs to quickly adapt to uncertainties and
react to sudden changes in the environment to successfully complete the desired
task. In this context, this dissertation proposes an architecture that tries to provide
answers to these questions by addressing the following problems: planning of
contact sequences based on a criteria of dynamical robustness, efficient generation
of time-optimal movement plans and whole-body feedback control design for robots
performing multi-contact interaction tasks in uncertain environments.
1.1 scope of research work
This section describes the main focus and some key aspects and assumptions of the
architecture proposed in this dissertation.
Models based on physical knowledge: One of the core challenges for a legged
robot is to keep its balance: to move in a direction different than gravity, the
robot needs to interact with the environment via contact forces limited by the
mechanical laws of unilateral contact [14]: e.g. feet can only push and not pull
on the ground, thus arbitrary motions are not possible [15]. For this reason, the
proposed architecture makes use of mathematical models that express physical
knowledge about the problem to quickly and continuously answer questions such
as: where and when to break or make a contact, in which direction and how fast
to move, or how hard or compliant to push against the environment? and in this
way it prevents the robot from falling and successfully achieves a task.
Robot as floating-base rigid-body system: Traditional sampling-based approaches
would try to answer these questions by first selecting a sequence of contacts and
joint configurations in a discrete approximation of the continuous space, and
then the sequence of controls that would realize the sampled trajectories [16].
The difficulty of applying this approach to a legged robot is that it is subject to
nonlinear dynamic constraints such as friction forces, under-actuation (meaning
that there is no direct control over the robot’s pose in space "the floating base")
or equations of motion constraints (that describe a robot as a tree of rigid bodies
connected through joints) [17, 18]; which implies that either the sequences found
could be inconsistent with the nonlinear dynamic constraints or the difficulty of
sampling consistent sequences or trajectories in highly dimensional spaces would
be a limiting factor. This makes traditional sampling-based motion generation
algorithms not well suited for the kind of problems considered in this dissertation,
such as whole-body motion generation for floating-base systems.
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Discrete nature of contact models: Another challenge of motion planning for
legged robots is the inherent discrete nature of contacts switching: they introduce
instantaneous events (making or breaking of a contact) due to which the system
exhibits hybrid dynamics [19] (including continuous and instantaneous changes)
that are difficult to handle during planning, estimation and control phases [11,
20]. Despite the challenges they pose, physical contacts are the at the core of the
proposed architecture, because they allow a robot to interact with the environment
and in this way to dynamically move and control its floating-base. Here, they
are considered to be rigid, static and perfectly known by the motion planning
algorithm and soft by the feedback control method and within the physical
simulation. In theoretical and practical terms, flat ground walking of legged
robots has been robustly demonstrated [21, 22, 23, 24, 25]. However, going to a
broader range of tasks where robots interact with a non-coplanar environment
using multiple endeffectors still remains a challenging problem and is part of the
main focus of this dissertation.
Model-based trajectory optimization: One of the main goals of this dissertation is
to design a contacts and whole-body motion planning algorithm for robots with
arms and legs that perform tasks by physically interacting with the environment
through the creation of intermittent contacts. The approach for motion planning
of the proposed architecture belongs to the family of model-based optimal control
techniques that describe a task by means of a performance criteria and a set
of task constraints [26, 27, 28]; i.e. given a user-defined performance criteria in
terms of features of the robot’s state and environment, the proposed architecture
computes state and control sequences that maximize the performance measure
while satisfying task constraints given by the models of system dynamics and
contact geometries. The approach is limited to locally optimal solutions for
floating-base robots such as humanoids or quadrupeds [29, 30, 31, 32]. It is further
assumed perfect knowledge about mass distribution of robot models, on which
model-based control approaches rely.
Feedback policy based on Bellman’s optimality principle: Besides motion plan-
ning, to execute a complex behavior, the proposed architecture processes noisy
sensory information and using its control policy decides upon the appropriate
actions. For instance, a robot estimates its state (e.g. joint configuration and
floating-base pose) and the state of the world (e.g. the locations of stepping
stones) by processing sensor readings. Then, based on the estimated state, the
architecture decides over the control actions (e.g. joint torques) that would allow
the robot to track the desired motion plan [33, 34, 35]. A second goal of this
dissertation is then to design a feedback control module that on the one hand
is capable of exploiting the kino-dynamic nature of motion plans by means of
the superposition property of desired task impedances, and on the other hand is
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capable of reasoning about noise, the cost of this uncertainty and of adapting its
control policy according to the environmental uncertainty (e.g. noise within its
dynamics or measurement model) to control the interactions of the robot with its
uncertain environment. The world is not considered to be perfectly known within
the physical simulator and the focus of the approach is on locally optimal control
policies based on applying Bellman’s principle of optimality around the nominal
planned trajectories [36].
Computationally tractable algorithms: Finding computationally efficient solutions
to these optimal control problems [37, 38] is also the focus of this dissertation, be-
cause the applicability and effectiveness of the developed algorithms at reactively
controlling a robot will to a great extent depend on it [30, 39, 40].
Experimental validation: The effectiveness of the proposed architecture and the
validity of the assumptions will be demonstrated through experimental validation
on a simulated torque controlled humanoid robot [41].
outline
This dissertation proposes an architecture for motion planning and control of legged
robots in multi-contact scenarios composed by two modules: one for contacts and
whole-body motion planning, and other for feedback control (specially designed
based on the kino-dynamic nature of motion plans and to cope with environmen-
tal uncertainty). In the remainder of this chapter, some of the challenges of the
addressed problem will be introduced in more detail and standard planning and
control approaches will be discussed to place the contributions into context.
Section 1.2 discusses the difficulties involved in the planning of contacts sequences
for legged robots. Techniques for design of feedback controllers are introduced in
Section 1.3. In Section 1.4, whole-body motion planning approaches will be reviewed
to motivate the design of the proposed architecture in the following chapters.
Section 1.5 will examine numerical methods and computational complexity and
finally, a brief overview of background material is presented in Section 1.6. In the
following, traditional approaches to contacts and motion generation and control
will be discussed to highlight the open problems that this dissertation will address.
1.2 planning of contact sequences
Physical interaction via intermittent contacts allows a robot to dynamically na-
vigate an environment. A rich contact interaction with the world using multiple
endeffectors is favorable in terms of controllability and balance; however, it also
presents challenges within its planning phase, such as: it requires computationally
demanding balance checks due to the non-coplanar nature of contacts in complex
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terrains, and the problem’s planning complexity increases combinatorially because
any combination of the available endeffector contacts can be selected [42, 43, 44].
To overcome these challenges, in the computer graphics community the first
successful contributions to contacts and (in configuration-space) motion planning
techniques came from the animation of virtual characters that exploited motion
graphs built based on motion capture data [45], or its combination with early
locomotion controllers [46]. They excelled at generating realistic motions, but were
limited by the capture data that could not easily generalize to unforeseen scenarios.
In the robotics community, the emphasis was initially placed on real-time contact
planners for flat-terrain bipedal locomotion [47], but is now starting to focus on the
still unsolved general acyclic contacts planning problem [48, 49].
To tackle the combinatorial problem of planning acyclic contact sequences, [50]
suggested its formulation as two simultaneous sub-problems: the search of a guide
trajectory for the robot’s floating-base, and the selection of balanced contact con-
figurations along this trajectory. Based on this problem’s description later works
proposed solutions that reached a compromise between planning time and optimal-
ity, such as solving both sub-problems sequentially [51, 52, 53] or simultaneously
either over a restricted search space that limits the discrete set of possible con-
tacts [54] or over a continuous search space that relaxes the problem and relies on
high-level heuristics to converge to a local solution [55]. A particularly interesting
solution to the sequential approach was proposed in [48] because of its guarantees
(offline motion guide trajectory guarantees the existence of a contact sequence to
generate it) and real-time capabilities (online selection along the guide trajectory of a
contact sequence that optimizes a desired performance measure). These approaches
however rely on static stability criteria to scale down the computational demands of
selecting a contact sequence, thus favoring time complexity over dynamic feasibility
of contact plans [49].
Other interesting line of research are contact planners based on mixed-integer
solvers, capable of modeling discrete changes in the contact state using integer
variables, but also continuous postural adjustments and contact forces. They in-
troduce in this way the possibility to optimize a discrete sequence of contacts
using a measure of dynamic stability and robustness, previously not considered.
For instance, [56, 57] demonstrated the advantages of simultaneous adaptation of
discrete gait patterns and continuous force-motion trajectories in a humanoid robot
locomoting over flat-ground by using a simplified dynamics model (Linear Inverted
Pendulum) as a criteria to evaluate the desirability of a gait pattern within a mixed-
integer solver. [58] did not include a dynamics model, however it proposed a novel
approach to select footsteps on a complex uneven terrain using integer decision
variables to model the set of convex terrain regions, over which it is possible to step.
From what we have discussed, it is evident that a measure of dynamic stability
and robustness is important at selecting contact sequences that support dynamic
motions such as walking down a steep slope, crossing a wide gap, walking on
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uneven terrain or recovering from a push. To this end, this dissertation extends the
state-of-the-art by proposing a mixed-integer program that efficiently plans short
contact sequences over complex uneven terrains using an approximate centroidal
dynamics model as a measure of dynamic feasibility. Further, in [44] we have shown
that significant speed-up can be achieved by training neural networks at predicting
the evolution of the robot centroidal momenta, which can then be used for the
generation of dynamically robust contact sequences using a search-based planner.
1.3 optimal control for feedback design
The theory of optimal control evolved from Pontryagin’s [59] and Bellman’s [36]
optimality principles. This section will review standard optimal control techniques
based on Bellman’s principle of optimality as they have been a very successful
and widely used tool in robotics for trajectory generation and control of legged
robots [31, 39, 60].
Bellman’s approach consisted in decomposing a problem into smaller nested
sub-problems in such a way that the optimal control action for any sub-problem
is independent of the way one arrived to the current state and minimizes the
sum of the cost at the current state plus the least cost incurred at the state at
which one arrives as a consequence of this action (nested sub-problem) [36, 61].
The recursive and backwards in time application of this principle (to build an
overall solution "the control policy") leads in the discrete case to the Dynamic
Programming algorithm [62], very successful at solving many multi-stage decision
problems. The global nature of the approach however makes it intractable for
high-dimensional or in continuous state space-defined problems due to the curse
of dimensionality [63]. In this case, maintaining a single trajectory that can be
iteratively improved along its neighborhood based on the optimality principle falls
back to local methods such as Differential Dynamic Programming (DDP) [64] or
iterative Linear-Quadratic Gaussian (LQG) [65], capable of successfully synthesizing
motions for large dimensional robotic systems [30, 31, 39, 65, 66, 67].
Typically, these techniques optimize a local control policy by iteratively solving
a low-order Taylor approximation of the nonlinear problem, as in [67, 68, 69]. Its
sequential nature (meaning that they optimize only over control policies, in contrast
with trajectory optimization methods that do it over control-state trajectories) limits
its applicability as state constraints cannot be easily incorporated; however, as they
build a local approximation of the cost-to-go, a feedback law for closed loop control
can be derived to stabilize the implicitly defined state trajectories.
These standard optimal control approaches do not consider or are indifferent to
the statistical properties of the noise that affects the system, i.e. control design is
independent from noise which is only handled by the estimator. In [70], Jacobson
proposed a risk-sensitive optimal control technique that broke this paradigm and
made the resulting feedback law explicitly dependent on the statistical properties
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of the noise by including higher-order statistics of the performance measure in
the policy optimization. It was shown that under low noise levels standard and
risk-sensitive policies agree, but they differ the more as noise increases. [65, 71, 72]
also proposed a noise-sensitive algorithm, synthesized by considering multiplicative
noise in the parameters of its model, which allowed them to explain the robust
behavior of human muscle models at movement generation and control in noisy
environments. [73], further extended Jacobson’s idea to nonlinear continuous-time
systems using iterative methods.
Further efforts centered on sensitivity for systems under measurement noise
have produced finite dimensional solutions under special cases [74, 75, 76], but
also general solutions [77, 78]. Its applicability to robotic domains however has not
been shown, one of the reasons being that it relies on the definition of risk-sensitive
estimators, for which it is not clear how its mathematical construction will affect
in practice the control of a legged robot. In this context, this dissertation proposes
a scheme for feedback control of movement plans that exploits the superposition
property of impedances based on the kino-dynamic structure of motion plans [79].
It further exploits a novel formulation of a controller sensitive to measurement noise
that maintains the usual definition of estimators to model and control the dynamic
interaction of a humanoid robot with an uncertain environment (fundamental
in robotics) as an optimal control problem with measurement uncertainty (e.g.
uncertain distance to contact locations).
1.4 motion planning for floating-base robots
This section will review trajectory optimization methods, that in contrast to sequen-
tial optimal control techniques (discussed in the previous section), attempt to find a
state-control trajectory instead of a control policy, which makes them well suited
to handle constraints over states and controls [28]. This is of particular interest in
motion planning problems for floating-base robots as it allows to easily express
e.g. contact properties such as friction force constraints or task-relevant state-space
limits such as kinematic or actuation restraints.
A common trajectory optimization approach for dynamic locomotion is a sequen-
tial contacts-movement architecture [80, 81, 82] that in the first place optimizes
a contact plan (as studied in section 1.2) and then a whole-body movement [82,
83]. Success stories [80, 81, 82, 83] of this approach motivate its use within the
proposed architecture, as it allows to break down the problem’s complexity without
sacrificing neither the notions of global optimality and dynamical robustness when
selecting contact surfaces nor the possibility to further optimize contact locations
when optimizing the whole-body movement plan.
A simultaneous contacts-movement architecture has also been successfully im-
plemented [29, 55, 84, 85, 86, 87]. In these approaches, discrete in nature contact
decision variables are carefully introduced so as not to harm convergence proper-
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ties of gradient-based optimization routines. For instance, contacts are modeled
using complementarity constraints [29, 84] that imply that non-zero forces are
only possible if the distance to the contact surface is zero (and viceversa), or using
smooth contact models [69, 88] as in [55, 85, 86]. These contact models e.g. may
require a compromise between physical accuracy and numeric stability [14], or
could miss solutions that exploit force redundancy. As a consequence, simulta-
neous contacts-movement approaches that on the positive side can fully leverage
the robot’s capabilities, also require careful initialization and parameterization to
converge and are still computationally costly for close to real-time control [40, 86,
89, 90].
More recent trajectory optimization approaches exploit the strong torque capabil-
ities of nowadays robots and instead of considering the full dynamics equations of
motion of a floating-base robot, they look into its structure and focus on its key part,
the centroidal momentum [91]. The equations of motion describe how contact inter-
action forces affect the kinematic state of all rigid bodies. For instance, the dynamics
of a single rigid body can be described in terms of its momentum: changes to it are
determined by forces acting on the body, but it also relates to the body velocity via
a spatial inertia tensor [18]. Consequently, for a floating-base system, in contrast
with a fixed-base manipulator, the only way to move and steer its floating-base
body is by applying forces on the environment. This suggested to consider only
the dynamics of the floating-base body expressed at the center of mass (centroidal
dynamics) for motion planning, as the rest of degrees of freedom can be resolved
with techniques used for manipulators assuming enough torque authority [84, 92].
The centroidal dynamics [91, 93] have thus become very popular, as they serve
as the bridge between the interaction of the robot with the environment through
external contact forces and its motion in the world [23, 79, 84]. They capture the
couplings between a full kinematics model and the Newton-Euler equations of the
robot’s center of mass (CoM), which are required to describe limb motions and
contacts in 3d spaces [20].
Several works [29, 84, 94, 95, 96, 97, 98] have realized about the importance
of time-optimality in movement plans, not only to improve motion trajectories
in terms of smoothness and robustness, but also to make possible motions that
would otherwise be infeasible. For instance, highly constrained motions such as non-
coplanar walking under surfaces with low friction coefficient would be impossible if
time cannot be adapted, so as to allow the robot to move along a trajectory consistent
with the limited available contact forces [99]. Time optimization plays also a crucial
role in highly dynamic motions such as jumps with full flight phases, because
momentum conservation implies that e.g. the CoM motion cannot be changed
as no contact is available. For instance, to perform a jump without optimization
of timings, the robot would need to propel itself high enough such that its CoM
does not end up under the ground after landing, which might require excessively
large contact forces. In contrast, if timings are decision variables, the robot can
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decide upon the appropriate flight time to e.g. minimize contact forces and satisfy
torque constraints [32, 84]. But because trajectory optimization problems can quickly
become intractable, specially in robotic applications that involve large dimensional
systems, including time optimization has been usually ignored due to its high
computational demands.
The architecture proposed in this dissertation reasons about the centroidal dy-
namics of the robot to generate time-optimal whole-body movement plans. Inspired
by the kino-dynamic structure proposed in [79], this architecture designs specialized
numerical solvers for both sub-problems exploiting their underlying mathematical
structures. As will be shown in later chapters, this methodology can very efficiently
optimize time-optimal contact force and whole-body movement trajectories, as well
as respect torque actuation limits if required.
1.5 numerical optimization and computational complexity
Numerical optimization is a fundamental tool in decision science with countless
applications in many fields [37, 38]. Transferring its principles to robotic domains is
still a work in progress, because of the nonlinear and hybrid nature of robotic sys-
tems that cannot be neglected and that solutions are required at fast timescales [19].
However, the everyday increasing computational power of modern personal com-
puters and the technological maturity and availability of efficient optimization
software [100, 101, 102, 103, 104] have promoted the use of numerical optimization
tools in many robotic applications, as they allow to easily model problems as the
optimization of an objective function (a quantitative measure of the performance of
the system in terms of features of the optimization variables) subject to constraints,
that describe the set of feasible solutions.
The apparently straightforward formulation of the optimization problem is a
very important step that will play a fundamental role throughout this dissertation.
If the problem description is too simple, it might be of limited applicability; but
if it is too complex, it might be too difficult to solve [38]. For instance, trajectory
optimization problems based on the full equations of motion of the floating-base
rigid-body system are non-convex [38], very difficult to solve and in most cases
involve a compromise between very long computation times and not always finding
a solution. On the opposite end of the spectrum, less detailed models (that describe
only the essence of a behavior such as optimization problems based on the linear
inverted pendulum model) [105, 106] are convex [37], very efficiently and reliably
solvable, but limited in terms of the behaviors that they can synthesize. Models based
on the centroidal dynamics constitute a middle-ground level of complexity between
these two extremes [79, 84] and while they are still non-convex, its structure can be
exploited to derive accurate but efficient approximations with convex convergence
properties, as will be shown in this dissertation.
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The nonconvexities due to the bilinear expressions of the dynamic constraints im-
posed by the centroidal momentum dynamics appear in the optimization problems
in the form of quadratic equality constraints (linear either in the states or in the
controls, but not in both [107]). The algorithms used in the proposed architecture
for time-optimal whole-body motion planning exploit this special problem structure
by approximating the solution of the originally non-convex trajectory optimization
problem via a sequence of convex second-order cone programs that can be very effi-
ciently solved using a sparse implementation of an interior-point polynomial-time
method for convex programming (based on [104, 108]). A convex second-order cone
program is composed by a linear or quadratic objective function and by a set of
constraints that include: linear equality and inequalities as well as convex quadratic
inequality constraints.
In a similar way, the formulation of the combined estimation-control problem used
to derive sensitive feedback controllers in chapter 4 has a bilinear structure (linear
in the parameters of the estimation problem or in those of the control problem,
but not in both). In this case however, an alternating procedure is used to solve
the problem, because in this way the solution to one of the sub-problems, namely
the estimation problem, is already provided by the known Kalman Filter and then
only the control problem needs to be solved, which can be efficiently performed by
adapting standard optimal control techniques.
Within the kinematics optimization problem, sources of nonconvexity such as
obstacle avoidance constraints can also be found. In this case, the problem is decom-
posed in such a way that nonconvex constraints are treated separately from convex
ones, using a nonlinear solver for unconstrained minimization LBFGS [109] for the
nonconvex part and an efficient interior-point method for conic programming for
the convex part. The solutions are combined together into an overall solution in the
spirit of distributed consensus optimization [110, 111, 112, 113, 114, 115, 116]. To
conclude, discrete decisions to select contact surfaces based on a measure of dynam-
ical robustness are taken using a mixed-integer solver. To compare the difference
among optimized contact plans depending on the dynamics model used to evaluate
its desirability (e.g. including or not time optimization) a custom implementation of
a mixed-integer solver based on a Branch and Bound method [117] that internally
solves a centroidal dynamics problem using the previously mentioned algorithms
is used. Mixed-integer solvers have in the worst case exponential-time complexity,
but in the range of problems of interest in this dissertation they have shown good
performance, which made them well suited for the applications.
1.6 background material
This section will present background introductory material including a general
formulation of the trajectory optimization problem, its notation (used throughout the
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following chapters) and, its structural analysis and reformulation as an alternating
kino-dynamic optimization problem [79], extensively used in this dissertation.
1.6.1 Trajectory Optimization Problem
A general formulation of the trajectory optimization problem for motion planning
can be stated as follows [29, 31, 55, 87]:
min
q,q˙,q¨,τj ,λ
φT(q, q˙, q¨, τj,λ) +
T−1
∑
t=1
φt(q, q˙, q¨, τj,λ) (1a)
subject to M(q)q¨ + N(q, q˙) = STτj + J(q)Tλ (1b)
Kinematic Limits (1c)
Actuation Limits (1d)
It minimizes the sum of a terminal cost φT and a running cost φt (1a), that
expresses a cost over the robot kinematic (posture q, velocity q˙ and acceleration
q¨) and dynamic variables (torques τj and forces λ), while satisfying dynamics
constraints (1b), kinematic (1c) and actuation limits (1d). Kinematic limits (1c)
include: constraints relating postures q, velocities q˙ and accelerations q¨ defined for
all robot’s joints and the floating-base as well as acceleration, velocity or joint limits
qj ∈ [qminj , qmaxj ]. Actuation limits (1d) include: torque constraints τj ∈ [τminj , τmaxj ],
center of pressure constraints to ensure stationary contacts, friction force constraints
for the endeffector not to slip, and contact constraints Je(q)q¨+ J˙e(q)q˙ = p¨e to keep
the endeffectors stationary during contact (e.g. zero acceleration p¨e = 0) or control
its motion in cartesian space during flight phases (e.g. p¨e = p¨refe ) [92].
Finally, the dynamic constraints or equations of motion (EoM) for a floating-base
rigid-body system are given by equation (1b) [17, 18]. A robot’s posture defined
as q =
[
xT qTj
]T
is composed by the pose x ∈ SE(3) of a floating-base frame in
the robot relative to an inertial frame, and by the joint positions qj ∈ Rn, where
n denotes the number of actuated joints. M(q) ∈ R(n+6)×(n+6) stands for the
inertia matrix of the rigid-body system, N(q, q˙) ∈ Rn+6 is a vector of nonlinear
terms (including Coriolis, gravity and friction forces). The selection matrix S =[
0n×6 In×n
]
represents the system under-actuation [118], i.e. that the floating-base
x is not directly actuated by joint torques τj ∈ Rn, but indirectly only via contact
interaction forces λ =
[
. . . feT γTe . . .
]T ∈ R6e (e being the number of endeffectors)
and the jacobian of the contact constraints J(q) ∈ R6e×(n+6) formed by stacking
endeffector jacobians Je(q) ∈ R6×(n+6). The pair
[
feT γTe
]T
denotes the endeffector
wrench (force and torque) with respect to the frame at the endeffector position pe.
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Figure 1: Block decomposition of the equations of motion (1b) of a floating-base rigid-body
system (that describes a robot with arms and legs) into its kinematic, dynamic and
torque actuation components. The gray box denotes the under-actuated dynamics
equations 2a that can further be decomposed into its kinematic (green box) and
dynamic (red box) components, as shown in equation 3, used in the alternating
kino-dynamic motion optimization approach [79]. The yellow box denotes the
actuated part of the equations of motion 2b. Finally, the dashed red box denotes
the combination of Newton-Euler equations and a linearized version of the torque
actuated constraints along a nominal kinematics trajectory.
1.6.2 Structure in Equations of Motion
This section presents an structural analysis of the EoM (1b) and how they can be
reformulated in a way more amenable for structured optimization (as in Figure 1).
System Under-actuation
The nature of the selection matrix S leads to a dynamics decomposition of the EoM
(1b) into an actuated (superscript a) and un-actuated parts (superscript u) [119], as:
Mu(q)q¨ + Nu(q, q˙) = Ju(q)Tλ (2a)
Ma(q)q¨ + Na(q, q˙) = Ja(q)Tλ+ τj (2b)
Eq. (2a) (first 6 rows of EoM (1b)) relates the acceleration of the floating-base body
located at x ∈ SE(3) to contact forces, i.e. external forces are needed to accelerate
this body in a direction other than gravity. Eq. (2b) (last n rows of EoM (1b)) asserts
that any combination of forces λ and accelerations q¨ is possible, as long as they
are consistent with (2a) and, satisfy kinematic and actuation limits (1c)-(1d) [17, 92].
Thus, under the assumption of enough torque authority eq. (2a) is sufficient to plan
dynamically feasible motions [84]. In other words, robots with strong actuators can
neglect eq. (2b) and use only eq. (2a) for motion planning, while robots with limited
torque capability can benefit from it to plan contact force distribution across the
available endeffectors in a way that satisfies torque limits.
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Figure 2: A summary of the notation used throughout this dissertation. It shows the center
of mass r, linear l and angular momentum k. It also depicts control variables of
an endeffector over a flat contact (fe, τe, ze), force, normal torque and center of
pressure (in orange). These same control variables can also be expressed at the
endeffector position pe as a force fe and torque γe (as shown in blue). Each axis of
the endeffector orientation is shown in green.
Centroidal Momentum Dynamics
As noted earlier, eq. (2a) is sufficient for planning dynamically feasible motions.
Its mapping to a frame at the robot CoM (3), makes its kino-dynamic structure
apparent; namely, the rate of momentum around the CoM computed from the robot
joint angles and velocities (kinematic quantities) matches the total wrench generated
by external and gravitational forces (dynamic quantities) [84].
d
dt
[A(q)q˙]︸ ︷︷ ︸
From kinematics
=
 l˙
k˙
 =
 mg +∑e fe
∑e(pe + R
x,y
e ze − r)× fe + Rzeτe

︸ ︷︷ ︸
From dynamics
(3)
The dynamics centroidal momentum (right hand side (3)) is also known as Newton-
Euler eqns. Fig. 2 shows a summary of some of its variables. Further, "m" denotes
the robot mass and g the gravity vector. Rx,ye ∈ R3×2 and Rze ∈ R3×1 are the first
two and third columns of the rotation matrix Re ∈ R3×3 that rotates quantities
from endeffector- to inertial frame. Local forces are given by L fe = RTe fe and the
connection between torques γe and τe is given by γe = R
x,y
e ze × fe + Rzeτe. Within
the kinematics centroidal momentum (left hand side (3)), A(q) ∈ R6×(n+6) is the
centroidal momentum matrix [93] that maps joint velocities q˙ to momentum
[
l k
]
.
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min
 
T 1X
t=1
 dynt ( ) +  
dyn
consensus
✓
ht   hkint
pe,t   pkine,t
◆
st. (dynamics centroidal momentum)
(feasible sets for contact wrenches)
<latexit sha1_base64="ib6lArpjiWk5rRHnmSe852r8o+4=">AAA Eb3icjVNLb9NAEHaTAI15pfSCxEMjqlaJaCO7amlzQKrgwrFIDa2UDdF6vU5WXT/YXUMja6/8QG78CC78AsZuSpMUEHOanflmvnltkEmhjed9X 6nVG7du31ltunfv3X/wsLX26INOc8V4n6UyVWcB1VyKhPeNMJKfZYrTOJD8NDh/W/pPP3OlRZqcmGnGhzEdJyISjBo0jdZqX0ksklEBRGJQSMG 6zS23ST7lNHQBheg8JlLEwuhRQWJqJioujH3t24+/nyd2x7dAsom4toXTxNr5CNueUXTg5b+xLE00T3SuLSaVPDJtIAEfi6RAgBIXaC2RQVRM Fhl2ClJNZKDGwbDwul6v5x3ub3vdg7393t4uKt6u/+qgN5/guopzsVwx4oh7Bc3mfHwbvbAD/8v31xxL7NYlPAmv2nSJEuOJ6ZRVlKvYXBS3uQ kc91QuUkMaQZyWKpSOZSQx/MIgizZdC1tQrRfaV1acP40F08B4YlQqQioxWYyPPLYVfXOBlTKDtKmCy7tYYMTzWU4fcaoFHiRojuAI43DDBpP AF8UTNuHadkatDZxWJXBT8WfKhjOT41HrGwlTlpdFMkm1HvheZoYFVUYwyXF2ueYZZed0zAeoYoNcD4tqXRY20RJWlURYCVTW+YiCxlpP4wCR5 Xr0sq80/sk3yE10OCxEkuUGO7skinIJJoXy90EoFGdGTlGhTAmsFdiEKpwF/lEXh+Avt3xT6e92e13//d7G0ZvZNFadJ84Lp+34zoFz5Lxzjp2 +w2o/6uv1p/Vn9Z+Nx43nDbiE1lZmMevOgjQ6vwCk6GiI</latexit><latexit sha1_base64="ib6lArpjiWk5rRHnmSe852r8o+4=">AAA Eb3icjVNLb9NAEHaTAI15pfSCxEMjqlaJaCO7amlzQKrgwrFIDa2UDdF6vU5WXT/YXUMja6/8QG78CC78AsZuSpMUEHOanflmvnltkEmhjed9X 6nVG7du31ltunfv3X/wsLX26INOc8V4n6UyVWcB1VyKhPeNMJKfZYrTOJD8NDh/W/pPP3OlRZqcmGnGhzEdJyISjBo0jdZqX0ksklEBRGJQSMG 6zS23ST7lNHQBheg8JlLEwuhRQWJqJioujH3t24+/nyd2x7dAsom4toXTxNr5CNueUXTg5b+xLE00T3SuLSaVPDJtIAEfi6RAgBIXaC2RQVRM Fhl2ClJNZKDGwbDwul6v5x3ub3vdg7393t4uKt6u/+qgN5/guopzsVwx4oh7Bc3mfHwbvbAD/8v31xxL7NYlPAmv2nSJEuOJ6ZRVlKvYXBS3uQ kc91QuUkMaQZyWKpSOZSQx/MIgizZdC1tQrRfaV1acP40F08B4YlQqQioxWYyPPLYVfXOBlTKDtKmCy7tYYMTzWU4fcaoFHiRojuAI43DDBpP AF8UTNuHadkatDZxWJXBT8WfKhjOT41HrGwlTlpdFMkm1HvheZoYFVUYwyXF2ueYZZed0zAeoYoNcD4tqXRY20RJWlURYCVTW+YiCxlpP4wCR5 Xr0sq80/sk3yE10OCxEkuUGO7skinIJJoXy90EoFGdGTlGhTAmsFdiEKpwF/lEXh+Avt3xT6e92e13//d7G0ZvZNFadJ84Lp+34zoFz5Lxzjp2 +w2o/6uv1p/Vn9Z+Nx43nDbiE1lZmMevOgjQ6vwCk6GiI</latexit><latexit sha1_base64="ib6lArpjiWk5rRHnmSe852r8o+4=">AAA Eb3icjVNLb9NAEHaTAI15pfSCxEMjqlaJaCO7amlzQKrgwrFIDa2UDdF6vU5WXT/YXUMja6/8QG78CC78AsZuSpMUEHOanflmvnltkEmhjed9X 6nVG7du31ltunfv3X/wsLX26INOc8V4n6UyVWcB1VyKhPeNMJKfZYrTOJD8NDh/W/pPP3OlRZqcmGnGhzEdJyISjBo0jdZqX0ksklEBRGJQSMG 6zS23ST7lNHQBheg8JlLEwuhRQWJqJioujH3t24+/nyd2x7dAsom4toXTxNr5CNueUXTg5b+xLE00T3SuLSaVPDJtIAEfi6RAgBIXaC2RQVRM Fhl2ClJNZKDGwbDwul6v5x3ub3vdg7393t4uKt6u/+qgN5/guopzsVwx4oh7Bc3mfHwbvbAD/8v31xxL7NYlPAmv2nSJEuOJ6ZRVlKvYXBS3uQ kc91QuUkMaQZyWKpSOZSQx/MIgizZdC1tQrRfaV1acP40F08B4YlQqQioxWYyPPLYVfXOBlTKDtKmCy7tYYMTzWU4fcaoFHiRojuAI43DDBpP AF8UTNuHadkatDZxWJXBT8WfKhjOT41HrGwlTlpdFMkm1HvheZoYFVUYwyXF2ueYZZed0zAeoYoNcD4tqXRY20RJWlURYCVTW+YiCxlpP4wCR5 Xr0sq80/sk3yE10OCxEkuUGO7skinIJJoXy90EoFGdGTlGhTAmsFdiEKpwF/lEXh+Avt3xT6e92e13//d7G0ZvZNFadJ84Lp+34zoFz5Lxzjp2 +w2o/6uv1p/Vn9Z+Nx43nDbiE1lZmMevOgjQ6vwCk6GiI</latexit><latexit sha1_base64="ib6lArpjiWk5rRHnmSe852r8o+4=">AAA Eb3icjVNLb9NAEHaTAI15pfSCxEMjqlaJaCO7amlzQKrgwrFIDa2UDdF6vU5WXT/YXUMja6/8QG78CC78AsZuSpMUEHOanflmvnltkEmhjed9X 6nVG7du31ltunfv3X/wsLX26INOc8V4n6UyVWcB1VyKhPeNMJKfZYrTOJD8NDh/W/pPP3OlRZqcmGnGhzEdJyISjBo0jdZqX0ksklEBRGJQSMG 6zS23ST7lNHQBheg8JlLEwuhRQWJqJioujH3t24+/nyd2x7dAsom4toXTxNr5CNueUXTg5b+xLE00T3SuLSaVPDJtIAEfi6RAgBIXaC2RQVRM Fhl2ClJNZKDGwbDwul6v5x3ub3vdg7393t4uKt6u/+qgN5/guopzsVwx4oh7Bc3mfHwbvbAD/8v31xxL7NYlPAmv2nSJEuOJ6ZRVlKvYXBS3uQ kc91QuUkMaQZyWKpSOZSQx/MIgizZdC1tQrRfaV1acP40F08B4YlQqQioxWYyPPLYVfXOBlTKDtKmCy7tYYMTzWU4fcaoFHiRojuAI43DDBpP AF8UTNuHadkatDZxWJXBT8WfKhjOT41HrGwlTlpdFMkm1HvheZoYFVUYwyXF2ueYZZed0zAeoYoNcD4tqXRY20RJWlURYCVTW+YiCxlpP4wCR5 Xr0sq80/sk3yE10OCxEkuUGO7skinIJJoXy90EoFGdGTlGhTAmsFdiEKpwF/lEXh+Avt3xT6e92e13//d7G0ZvZNFadJ84Lp+34zoFz5Lxzjp2 +w2o/6uv1p/Vn9Z+Nx43nDbiE1lZmMevOgjQ6vwCk6GiI</latexit>
min
q,q˙,q¨
T 1X
t=1
 kint (q, q˙, q¨) +  
kin
consensus
 
ht   hdynt
pe,t   pdyne,t
!
st. (kinematics centroidal momentum)
(obstacle free motion trajectories)
(integration of postures and joint limits)
<latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="X/BbPPQ RM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFIXv1L86Vq1rN8Eiu CozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5 yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1R iRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwj W0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLc ecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1G L1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BF CHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</l atexit><latexit sha1_base64="vY8UhLQ oob6iuiY+2hv+2Ntcevw=">AAAEpnicnVPPb9MwFM7WAmsYsHHlYjFt6 sRWkrGJ9oCExIXjkFY20XTFcV5ar4md2Q5aFfn/48yN/4aXtN26dkICS 4mev/f7e89hlnBtPO/32nqt/ujxk42G+3Tz2fMXW9ubX7XMFYMuk4lUF yHVkHABXcNNAheZApqGCZyH40+l/vwHKM2lODOTDPopHQoec0YNQoPt9Z 9BysWgIEFKzSiMi2t7cCsHkTQI3ENmkHUbe24juM5p5BI8gc7TIOEpN3 pQVNYqLYz94NvL2+uZPfQtCbIRv8PGXFi76GGb/1jJPnnz95hMCg1C59 pi8gRi0yRBCEMuCjRQ/Mbexhzdr4QckiKoKO6pYdgvvFb7pNM5OTrwWt 47r905ngqdtr8Y4q6OaLLcG9oF7tw0W9DBwX/mWwmylN66AYho3qkbKD4 cmf2yjMYuzs/AjUFTbVqW7JFqnKQ5R5FHQEfONGEgjJI8oglJZYqXPLV VlHL2u9V/xV2G2lCWAIkVALqVC0eMolfAjFQctJ3X8aA7FwaGqlpTImO SSW1yBZpQEZEriVoyXTe7Py1isLWD9FSHrAr+TNhxZud0sPULt4rlZTc soVr3fC8z/YIq7DgB5CrXkFE2pkPooShoCrpfVPOxZBeRiMRS4YelVOii R0FTrSdpiJblOPSyrgQf0vVyE7f72HyWGxBsmijOE2IkKd8vibhC/pIJ CpQpjrUSNqKKMoOv3EUS/OWWV4XuUavT8r94zobzynntNB3fee98dD47 p07XYbW3tW7tsjaoH9e/1b9P2Vpfm9H20rl36uEfCyGMgQ==</latexi t><latexit sha1_base64="vY8UhLQ oob6iuiY+2hv+2Ntcevw=">AAAEpnicnVPPb9MwFM7WAmsYsHHlYjFt6 sRWkrGJ9oCExIXjkFY20XTFcV5ar4md2Q5aFfn/48yN/4aXtN26dkICS 4mev/f7e89hlnBtPO/32nqt/ujxk42G+3Tz2fMXW9ubX7XMFYMuk4lUF yHVkHABXcNNAheZApqGCZyH40+l/vwHKM2lODOTDPopHQoec0YNQoPt9Z 9BysWgIEFKzSiMi2t7cCsHkTQI3ENmkHUbe24juM5p5BI8gc7TIOEpN3 pQVNYqLYz94NvL2+uZPfQtCbIRv8PGXFi76GGb/1jJPnnz95hMCg1C59 pi8gRi0yRBCEMuCjRQ/Mbexhzdr4QckiKoKO6pYdgvvFb7pNM5OTrwWt 47r905ngqdtr8Y4q6OaLLcG9oF7tw0W9DBwX/mWwmylN66AYho3qkbKD4 cmf2yjMYuzs/AjUFTbVqW7JFqnKQ5R5FHQEfONGEgjJI8oglJZYqXPLV VlHL2u9V/xV2G2lCWAIkVALqVC0eMolfAjFQctJ3X8aA7FwaGqlpTImO SSW1yBZpQEZEriVoyXTe7Py1isLWD9FSHrAr+TNhxZud0sPULt4rlZTc soVr3fC8z/YIq7DgB5CrXkFE2pkPooShoCrpfVPOxZBeRiMRS4YelVOii R0FTrSdpiJblOPSyrgQf0vVyE7f72HyWGxBsmijOE2IkKd8vibhC/pIJ CpQpjrUSNqKKMoOv3EUS/OWWV4XuUavT8r94zobzynntNB3fee98dD47 p07XYbW3tW7tsjaoH9e/1b9P2Vpfm9H20rl36uEfCyGMgQ==</latexi t><latexit sha1_base64="s3IwBjh jKhgUYCdbml8GsJXAuJQ=">AAAEsXicnVNbT9swFA6022h2g+1xL9YQq GjQJQy09mES2l72yCQ60JrSOc5Ja5rYwXYmqsj/b89727/ZSdpCoWjSZ inR8Xdu37k4zBKujef9Xlmt1R88fLTWcB8/efrs+frGi69a5opBl8lEq rOQaki4gK7hJoGzTAFNwwROw/GnUn/6A5TmUpyYSQb9lA4FjzmjBqHBxu rPIOViUJAgpWYUxsWl3b2Wg0gaBG4hM8i6jW23EVzmNHIJnkDnaZDwlB s9KCprlRbGfvDt+fX1xO75lgTZiN9gYy6sXfSwzX9kskPe/D0mk0KD0L m2mDyB2DRJEMKQiwINFL+y1zFHt5mQPVIEVYt7ahj2C6/VPux0Dvd3vZ b3zmt3DqZCp+0vhrjhEU3u1oZ2gTs3zRZ0sPuf+ZaC3Elv3QBENK/UDRQ fjsxOSaOxhfMzcGXQVJuWJdukGidpzlHsI6AjZ5owEEZJHtGEpDLFS57 aKko5+63qv+QuQ20oS4DECgDdyoUjRtELYEYqDtrOedzrzoWBoarWlMi YZFKbXIEmVETkQqKWTNfN7kxJDNY3sT3VIcuCPxM2ndk5Hqz/wq1ieVk NS6jWPd/LTL+gCitOAHuVa8goG9Mh9FAUNAXdL6r5WLKFSERiqfBDKhW6 6FHQVOtJGqJlOQ59V1eC9+l6uYnbfSw+yw0INk0U5wkxkpTvl0RcYf+S CQqUKY5cCRtRRZnBV+5iE/y7JS8L3f1Wp+V/8TaPPs66sea8cl47Tcd3 3jtHzmfn2Ok6rPa21q2d1wb1g/q3+vd6ODVdXZn5vHRunfr4D0CmjZw= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit><latexit sha1_base64="UB7m7/p 5TqlZCpYkKGzhNCX5fWw=">AAAEsXicnVNbb9MwFM7WAmu4dfDIi8W0q RNbacYm2gekCV54HNLKJpquOM5J6zWxM9tBqyL/P555499wkrZb105IY CnR8Xdu37k4SGOuTav1e229Un3w8NFGzX385Omz5/XNF1+1zBSDLpOxV OcB1RBzAV3DTQznqQKaBDGcBeNPhf7sByjNpTg1kxT6CR0KHnFGDUKDzf WffsLFICd+Qs0oiPIru3cj+6E0CNxBZpB1aztuzb/KaOgSPL7OEj/mCT d6kJfWKsmN/eDZi5vrqd33LPHTEb/FxlxYu+hhG//IZJe8+XtMJoUGoT NtMXkMkWkQP4AhFzkaKH5tb2KO7jIh+yT3yxb31DDo561m+6jTOTrYaz Vb71rtzuFU6LS9xRC3PMLJcm1o57tz03RBB3v/mW8lyFJ66/ogwnmlrq/ 4cGR2Cxq1bZyfgWuDpto0Ldkh5ThJY45iHwEdOdOEgTBK8pDGJJEJXrL EllGK2W+X/xV3GWhDWQwkUgDoViwcMYpeAjNScdB2zuNedy4MDFW5pkR GJJXaZAo0oSIklxK1ZLpudndKYlDfwvaUh6wK3kzYcmbnZFD/hVvFsqI aFlOte14rNf2cKqw4BuxVpiGlbEyH0ENR0AR0Py/nY8k2IiGJpMIPqZTo okdOE60nSYCWxTj0sq4A79P1MhO1+1h8mhkQbJooymJiJCneLwm5wv7F ExQoUxy5EjaiijKDr9zFJnjLJa8K3YNmp+l9Odw6/jjrxobzynntNBzP ee8cO5+dE6frsMrbSrdyURlUD6vfqt+rwdR0fW3m89K5c6rjP0HmjaA= </latexit>
Figure 3: Schematic of kino-dynamic motion optimization approach [79] to iteratively com-
pute contact force and whole-body trajectories until convergence of the common
set of variables, namely robot centroidal momenta h and endeffector poses pe.
The whole-body trajectory optimization algorithm based on the kino-dynamic
separability of the centroidal momentum equations was proposed in [79] and allows
to find whole-body and contact force trajectories via an alternating procedure that
independently optimizes kinematic and dynamic quantities, that only need to agree
on a set of common variables: CoM, momentum and contact locations.
1.6.3 Trajectory Optimization
This section focuses on the trajectory optimization problem formulated as an
alternating optimization between contact forces (dynamics optimization) and whole-
body trajectories (kinematics optimization). This alternating kino-dynamic approach
for trajectory optimization was originally proposed in [79]. It does not constitute
a contribution of this dissertation, but it is widely used throughout it. Figure 3
schematically depicts its main idea; however, the specific details of the formulations
may vary as the architecture proposed in this dissertation further extends this work.
First, the differential equations (3) are discretized into algebraic ones and then
the optimization problems are formulated.
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Dynamics Optimization
This section describes the problem formulation used to dynamically optimize a
motion plan (that includes timings, contact wrenches and momentum trajectories)
under the centroidal dynamics constraints (3) and that minimizes a desired objective.
Formally, the goal is to search a local solution for problem (4).
min
h,∆,pe
fe ,ze ,τe
T
∑
t=1
φ
dyn
t
(
h,∆, pe,
ze, fe, τe
)
+ φ
dyn
consensus
(
ht − hdest
pe,t − pdese,t
)
(4a)
subject to ht =
 rtkt
lt
 =
 rt−1 +
1
m lt∆t
kt−1 + (∑e κe,t)∆t
lt−1 + (mg +∑e fe,t)∆t
 (4b)
κe,t = (pe,t − rt)× fe,t + γe,t (4c)
γe,t = R
x,y
e,t ze,t × fe,t + Rze,tτe,t (4d)
pe ∈ µ(S) (4e)
∆t ∈ [∆min,∆max] (4f)
zx,ye,t ∈
[
zx,ymin, z
x,y
max
]
(4g)
‖pe,t − rt‖ ≤ `maxe (4h)∥∥∥L fxe,t + L fye,t∥∥∥2 ≤ µf L fze,t, L fze,t ≥ 0 (4i)
It minimizes a quadratic cost (4a) composed of a running cost φdynt that regularizes
controls (such as wrenches or duration of timesteps ∆t) and includes user-defined
rewards (such as reaching a CoM position or moving through a waypoint), and a
consensus cost φdynconsensus that rewards good tracking of desired CoM and momentum
trajectories.
The constraints (formulated for all active endeffectors and timesteps ∀e, t) include
a dynamics model (4b)-(4d) that coupled with the consensus cost guide dynamic
solutions towards kinematic ones, without explicitly including all kinematic vari-
ables, thus satisfying (3). Other constraints include: (4e) that constrains endeffector
locations to assigned contact surfaces, to be detailed in 3.3; (4f) restricts time vari-
ables to a box constraint; (4g) maintains CoP within the endeffector support region;
(4h) heuristically keeps the contact locations reachable from the CoM and avoids
singularities due to over-extensions, and (4i) defines friction cones [120].
Kinematics Optimization
This section describes the problem formulation used to kinematically optimize
a motion plan (including posture, velocity and acceleration trajectories) under
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the centroidal momentum dynamics (3) and that minimizes a desired objective.
Formally, a local solution for problem (5) is to be found.
min
q,q˙,q¨,h,pe
n
∑
t=1
φkint (qt, q˙t, q¨t) + φ
kin
cons
(
ht − hdest
pe,t − pdese,t
)
(5a)
subject to
[
qt
q˙t
]
=
[
qt−1 + q˙t∆t
q˙t−1 + q¨t∆t
]
(5b)
qj,t ∈ [qminj , qmaxj ] ∀j ∈ Rn (5c)
pe,t = ForwKin(qt) ∈ Ofree (5d)
ht =
 rtlt
kt
 =
rt−1 + 1m lt∆t
A(qt)q˙t
 (5e)
This problem formulation minimizes the cost (5a) composed of a running cost
φkint that regularizes controls (such as joint velocities and accelerations) and includes
user-defined rewards (such as staying close to a desired robot posture at some
trajectory point), and a consensus cost φkincons that rewards good tracking of CoM,
momentum and endeffector trajectories.
The constraints (formulated for all endeffectors and timesteps ∀e, t) include a
simple dynamics model (5b) that coupled with the consensus cost guide kinematic
solutions towards dynamic ones, without explicitly including all dynamic vari-
ables, thus satisfying (3). Other optimization constraints include: (5c) that limits
joint positions to its motion range; (5d) which expresses that endeffector locations
computed using a forward kinematics algorithm should lie in obstacle free spaces;
and (5e) that defines how CoM and robot momenta are computed using kinematic
information. ∆t denotes the timestep discretization between trajectory points.
The dynamics (equations (4)) and kinematics sub-problems (equations (5)) com-
pose the kino-dynamic approach for optimization of contact force and whole-body
motion trajectories that will be the focus within the following chapters.
In summary, this chapter introduced the topic and scope of this dissertation. It
also motivated the importance and impact of legged robots in our society, and
discussed the challenges to be faced by contacts and motion - planning and control
approaches. Background material was also introduced in order to place into context
of related works the architecture proposed in this dissertation. The following chapter
will discuss in more detail the proposed planning and control architecture and will
highlight its contribution to the state-of-the-art in the field.
Chapter2
C O N T R I B U T I O N S
This chapter states the contributions of the architecture proposed in this dissertation
to the state-of-the-art in the field. Section 2.1 introduces the planning and control
architecture. In Section 2.2, each contribution is presented within the context of the
overall architecture. Finally, specific contributions are listed in Section 2.3.
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2.1 contacts and motion - planning and control architecture
This section presents the architecture proposed in this dissertation to optimize
contact and movement plans as well as to control in closed-loop its execution, which
will be described in detail within the following chapters. The proposed motion
planning and control architecture is based on optimal control to describe in an
easy yet general form the desired motion optimization problem and on dedicated
solvers that exploit the problem’s mathematical structure to efficiently find local
solutions. Figure 4 highlights within red boxes the main components of the proposed
architecture where theoretical contributions have been attained, namely: a contacts
planning approach based on a measure of dynamical robustness, dedicated solvers
that exploit the structure of the kino-dynamic motion planning approach, and
feedback control design methods to execute whole-body movement trajectories.
Optimal control formulation
This dissertation proposes an optimization-based motion planning and control
architecture that takes as input a high-level task description and outputs torque com-
mands to successfully execute it on a physically simulated robot. This input-output
mapping happens in an efficient yet general manner thanks to the architecture
composed by three optimization-based controllers: for contacts planning, for time-
optimal whole-body motion generation and for feedback control. Each controller, as
shown in Figure 4, makes use of an appropriate level of model complexity so as
to remain efficiently solvable, but at the same time expressive enough so as not to
limit the range of possible behaviors that can be generated.
In general, if it were doable in an efficient manner, we (the robotics community)
would like to solve problem (1) without approximations or trade-offs, but in practice
it is intractable for real-time control. For this reason, in order to efficiently find
solutions to the motion planning problem, the proposed architecture approximates
a local solution using the structure depicted in Figure 4. In the first place, out of the
description of a complex terrain, the proposed architecture efficiently selects a set
of contacting surfaces that supports a contact sequence leading to a dynamically
feasible motion. To this end, it makes use of a mixed-integer solver that internally
evaluates the desirability of a contact sequence based on an efficient yet accurate
approximation of the centroidal momentum dynamics model, which allows to find
a globally optimal or e-suboptimal set of contacting surfaces Sr.
This set can then be used in the second step to only locally optimize a time-
optimal whole-body movement plan in a much more efficient way than if problem
(1) were to be naively solved using an off-the-shelf solver that does not exploit
its structure. This second phase, in contrast with the first one, includes a full
kinematics model but does not include anymore the discrete decision variables to
select contacting surfaces. The third and last stage of the architecture makes use of
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Task description:
Initial pose
Desired motion
Terrain specification
Importance weighted costs
Sr
<latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">A AAB2HicbZDNSgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW 9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQF qLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UV YpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN </latexit><latexit sha1_base64="Rdnv+igr5jZwlVij11drtzrO0fY=">A AAB9XicbVA9T8MwEL3wWUqBwITEYlEhMVUJC7AhsTAWQWilNooc122t2k5kO0hVFBb+CgsDIP4KG/8GJ+0ALU866fm9O/nuxSln2njet7O yura+sVnbqm83dnb33P3Gg04yRWhAEp6obow15UzSwDDDaTdVFIuY0048uS79ziNVmiXy3kxTGgo8kmzICDZWitzDvsBmTDDP74oorx5K5 KooIrfptbwKaJn4c9KEOdqR+9UfJCQTVBrCsdY930tNmGNlGOG0qPczTVNMJnhEe5ZKLKgO8+qCAp1YZYCGibIlDarU3xM5FlpPRWw7yx X1oleK/3m9zAwvwpzJNDNUktlHw4wjk6AyDjRgihLDp5ZgopjdFZExVpgYG1rdhuAvnrxMgrPWZcu/9aAGR3AMp+DDOVzBDbQhAAJP8AJv 8O48O6/OxyytFWce2wH8gfP5A7C0lis=</latexit><latexit sha1_base64="Rdnv+igr5jZwlVij11drtzrO0fY=">A AAB9XicbVA9T8MwEL3wWUqBwITEYlEhMVUJC7AhsTAWQWilNooc122t2k5kO0hVFBb+CgsDIP4KG/8GJ+0ALU866fm9O/nuxSln2njet7O yura+sVnbqm83dnb33P3Gg04yRWhAEp6obow15UzSwDDDaTdVFIuY0048uS79ziNVmiXy3kxTGgo8kmzICDZWitzDvsBmTDDP74oorx5K5 KooIrfptbwKaJn4c9KEOdqR+9UfJCQTVBrCsdY930tNmGNlGOG0qPczTVNMJnhEe5ZKLKgO8+qCAp1YZYCGibIlDarU3xM5FlpPRWw7yx X1oleK/3m9zAwvwpzJNDNUktlHw4wjk6AyDjRgihLDp5ZgopjdFZExVpgYG1rdhuAvnrxMgrPWZcu/9aAGR3AMp+DDOVzBDbQhAAJP8AJv 8O48O6/OxyytFWce2wH8gfP5A7C0lis=</latexit><latexit sha1_base64="y6Y1zZfQua/6MwD0GzFYeu4gc4E=">A AACAHicbVC7TsMwFHXKq5RXgAWJxaJCYqoSFmCrYGEsgtBKbRQ5rtNatZ3IdpCqKCz8CgsDIFY+g42/wUkzQMuRLB2fc6/uvSdMGFXacb6 t2tLyyupafb2xsbm1vWPv7t2rOJWYeDhmseyFSBFGBfE01Yz0EkkQDxnphpOrwu8+EKloLO70NCE+RyNBI4qRNlJgHww40mOMWHabB1n5k TyTeR7YTafllICLxK1IE1ToBPbXYBjjlBOhMUNK9V0n0X6GpKaYkbwxSBVJEJ6gEekbKhAnys/KC3J4bJQhjGJpntCwVH93ZIgrNeWhqS xWVPNeIf7n9VMdnfsZFUmqicCzQVHKoI5hEQccUkmwZlNDEJbU7ArxGEmEtQmtYUJw509eJN5p66Ll3jjN9mWVRh0cgiNwAlxwBtrgGnSA BzB4BM/gFbxZT9aL9W59zEprVtWzD/7A+vwBNEGXkg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">A AACAHicbVDLSsNAFJ34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043x bC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPSTSRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR /JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEGMIqleULDUv3dkSGu1ISHpr JYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEb eACDR/AMXsGb9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit>
qt,ht, t
<latexit sha1_base64="B2cnmRA4jSE10xVpLYPz6TbJ9x8=">AAACLnicbVBdS8Mw FE3n15xfVR99CQ7BBxmtCOrbUBAfJ1g32EpJs3QLS9OapMIo/Ue++Ff2IqLiqz/DtKvgNg8EDufce3Pv8WNGpbKsN6OytLyyulZdr21sbm3vmLt7DzJKBCYOjlgkOj6ShFFOHEUV I51YEBT6jLT90XXut5+IkDTi92ocEzdEA04DipHSkmfe9EKkhn6QPmZeWnARpirLTuCvMVwwmB7fRzOqZ9athlUALhK7JHVQouWZk14/wklIuMIMSdm1rVi5KRKKYkayWi+RJEZ 4hAakqylHIZFuWtybwSOt9GEQCf24goX6tyNFoZTj0NeV+Ypy3svF/7xuooILN6U8ThThePpRkDCoIpiHB/tUEKzYWBOEBdW7QjxEAmGlI67pEOz5kxeJc9q4bNh3Z/XmVZlGFRy AQ3AMbHAOmuAWtIADMHgGE/AOPowX49X4NL6mpRWj7NkHMzC+fwBgVavt</latexit><latexit sha1_base64="B2cnmRA4jSE10xVpLYPz6TbJ9x8=">AAACLnicbVBdS8Mw FE3n15xfVR99CQ7BBxmtCOrbUBAfJ1g32EpJs3QLS9OapMIo/Ue++Ff2IqLiqz/DtKvgNg8EDufce3Pv8WNGpbKsN6OytLyyulZdr21sbm3vmLt7DzJKBCYOjlgkOj6ShFFOHEUV I51YEBT6jLT90XXut5+IkDTi92ocEzdEA04DipHSkmfe9EKkhn6QPmZeWnARpirLTuCvMVwwmB7fRzOqZ9athlUALhK7JHVQouWZk14/wklIuMIMSdm1rVi5KRKKYkayWi+RJEZ 4hAakqylHIZFuWtybwSOt9GEQCf24goX6tyNFoZTj0NeV+Ypy3svF/7xuooILN6U8ThThePpRkDCoIpiHB/tUEKzYWBOEBdW7QjxEAmGlI67pEOz5kxeJc9q4bNh3Z/XmVZlGFRy AQ3AMbHAOmuAWtIADMHgGE/AOPowX49X4NL6mpRWj7NkHMzC+fwBgVavt</latexit><latexit sha1_base64="B2cnmRA4jSE10xVpLYPz6TbJ9x8=">AAACLnicbVBdS8Mw FE3n15xfVR99CQ7BBxmtCOrbUBAfJ1g32EpJs3QLS9OapMIo/Ue++Ff2IqLiqz/DtKvgNg8EDufce3Pv8WNGpbKsN6OytLyyulZdr21sbm3vmLt7DzJKBCYOjlgkOj6ShFFOHEUV I51YEBT6jLT90XXut5+IkDTi92ocEzdEA04DipHSkmfe9EKkhn6QPmZeWnARpirLTuCvMVwwmB7fRzOqZ9athlUALhK7JHVQouWZk14/wklIuMIMSdm1rVi5KRKKYkayWi+RJEZ 4hAakqylHIZFuWtybwSOt9GEQCf24goX6tyNFoZTj0NeV+Ypy3svF/7xuooILN6U8ThThePpRkDCoIpiHB/tUEKzYWBOEBdW7QjxEAmGlI67pEOz5kxeJc9q4bNh3Z/XmVZlGFRy AQ3AMbHAOmuAWtIADMHgGE/AOPowX49X4NL6mpRWj7NkHMzC+fwBgVavt</latexit><latexit sha1_base64="B2cnmRA4jSE10xVpLYPz6TbJ9x8=">AAACLnicbVBdS8Mw FE3n15xfVR99CQ7BBxmtCOrbUBAfJ1g32EpJs3QLS9OapMIo/Ue++Ff2IqLiqz/DtKvgNg8EDufce3Pv8WNGpbKsN6OytLyyulZdr21sbm3vmLt7DzJKBCYOjlgkOj6ShFFOHEUV I51YEBT6jLT90XXut5+IkDTi92ocEzdEA04DipHSkmfe9EKkhn6QPmZeWnARpirLTuCvMVwwmB7fRzOqZ9athlUALhK7JHVQouWZk14/wklIuMIMSdm1rVi5KRKKYkayWi+RJEZ 4hAakqylHIZFuWtybwSOt9GEQCf24goX6tyNFoZTj0NeV+Ypy3svF/7xuooILN6U8ThThePpRkDCoIpiHB/tUEKzYWBOEBdW7QjxEAmGlI67pEOz5kxeJc9q4bNh3Z/XmVZlGFRy AQ3AMbHAOmuAWtIADMHgGE/AOPowX49X4NL6mpRWj7NkHMzC+fwBgVavt</latexit>
Kq,Kh,K 
<latexit sha1_base64="AX7O5T8GyE8rllUpnSyb3A/J6JE=">AAACLnicbVBNS 8NAEN3Ur1q/oh69LBbBg5REBPVWFETwUsHYQhvCZrNpl+4mcXcjlJB/5MW/0ouIild/hps2B237YODx3gwz8/yEUaks692oLC2vrK5V12sbm1vbO+bu3qOMU4GJg2MWi46 PJGE0Io6iipFOIgjiPiNtf3hd+O1nIiSNowc1SojLUT+iIcVIackzb3ocqYEfZne5l0244NlTnp/ARcZgzmB6VYByz6xbDWsCOE/sktRBiZZnjntBjFNOIoUZkrJrW4ly MyQUxYzktV4qSYLwEPVJV9MIcSLdbPJvDo+0EsAwFroiBSfq34kMcSlH3Nedxa1y1ivERV43VeGFm9EoSRWJ8HRRmDKoYliEBwMqCFZspAnCgupbIR4ggbDSEdd0CPbsy/ PEOW1cNuz7s3rzqkyjCg7AITgGNjgHTXALWsABGLyAMfgAn8ar8WZ8Gd/T1opRzuyDfzB+fgF1LKtb</latexit><latexit sha1_base64="AX7O5T8GyE8rllUpnSyb3A/J6JE=">AAACLnicbVBNS 8NAEN3Ur1q/oh69LBbBg5REBPVWFETwUsHYQhvCZrNpl+4mcXcjlJB/5MW/0ouIild/hps2B237YODx3gwz8/yEUaks692oLC2vrK5V12sbm1vbO+bu3qOMU4GJg2MWi46 PJGE0Io6iipFOIgjiPiNtf3hd+O1nIiSNowc1SojLUT+iIcVIackzb3ocqYEfZne5l0244NlTnp/ARcZgzmB6VYByz6xbDWsCOE/sktRBiZZnjntBjFNOIoUZkrJrW4ly MyQUxYzktV4qSYLwEPVJV9MIcSLdbPJvDo+0EsAwFroiBSfq34kMcSlH3Nedxa1y1ivERV43VeGFm9EoSRWJ8HRRmDKoYliEBwMqCFZspAnCgupbIR4ggbDSEdd0CPbsy/ PEOW1cNuz7s3rzqkyjCg7AITgGNjgHTXALWsABGLyAMfgAn8ar8WZ8Gd/T1opRzuyDfzB+fgF1LKtb</latexit><latexit sha1_base64="AX7O5T8GyE8rllUpnSyb3A/J6JE=">AAACLnicbVBNS 8NAEN3Ur1q/oh69LBbBg5REBPVWFETwUsHYQhvCZrNpl+4mcXcjlJB/5MW/0ouIild/hps2B237YODx3gwz8/yEUaks692oLC2vrK5V12sbm1vbO+bu3qOMU4GJg2MWi46 PJGE0Io6iipFOIgjiPiNtf3hd+O1nIiSNowc1SojLUT+iIcVIackzb3ocqYEfZne5l0244NlTnp/ARcZgzmB6VYByz6xbDWsCOE/sktRBiZZnjntBjFNOIoUZkrJrW4ly MyQUxYzktV4qSYLwEPVJV9MIcSLdbPJvDo+0EsAwFroiBSfq34kMcSlH3Nedxa1y1ivERV43VeGFm9EoSRWJ8HRRmDKoYliEBwMqCFZspAnCgupbIR4ggbDSEdd0CPbsy/ PEOW1cNuz7s3rzqkyjCg7AITgGNjgHTXALWsABGLyAMfgAn8ar8WZ8Gd/T1opRzuyDfzB+fgF1LKtb</latexit><latexit sha1_base64="AX7O5T8GyE8rllUpnSyb3A/J6JE=">AAACLnicbVBNS 8NAEN3Ur1q/oh69LBbBg5REBPVWFETwUsHYQhvCZrNpl+4mcXcjlJB/5MW/0ouIild/hps2B237YODx3gwz8/yEUaks692oLC2vrK5V12sbm1vbO+bu3qOMU4GJg2MWi46 PJGE0Io6iipFOIgjiPiNtf3hd+O1nIiSNowc1SojLUT+iIcVIackzb3ocqYEfZne5l0244NlTnp/ARcZgzmB6VYByz6xbDWsCOE/sktRBiZZnjntBjFNOIoUZkrJrW4ly MyQUxYzktV4qSYLwEPVJV9MIcSLdbPJvDo+0EsAwFroiBSfq34kMcSlH3Nedxa1y1ivERV43VeGFm9EoSRWJ8HRRmDKoYliEBwMqCFZspAnCgupbIR4ggbDSEdd0CPbsy/ PEOW1cNuz7s3rzqkyjCg7AITgGNjgHTXALWsABGLyAMfgAn8ar8WZ8Gd/T1opRzuyDfzB+fgF1LKtb</latexit>
Hierarchical Inverse
Dynamics Controller:
Computes torques to 
control the robot.
⌧j
<latexit sha1_base64="DzrICBWeguAcq5ieiXHyw+ZR9O4=">AAAB+XicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxF IrRSE0WO67SmthPZDqgKeRQWBkCsvAkbb4PTZoCWkyyd7r5P3/milFGlHefbWlpeWV1br23UN7e2d3btxt6dSjKJiYcTlshehBRhVBBPU81IL5UE8YiRbjS+Kv3uA5GKJuJWT1IScDQUNKYYaSOFdsPXKAtznyM9kjy/L4rQbjotZwq4SNyKNEGFTmh/+YM EZ5wIjRlSqu86qQ5yJDXFjBR1P1MkRXiMhqRvqECcqCCfRi/gkVEGME6keULDqfp7I0dcqQmPzGQZUc17pfif1890fB7kVKSZJgLPDsUZgzqBZQ9wQCXBmk0MQVhSkxXiEZIIa9NW3ZTgzn95kXgnrYuWe3PabF9WbdTAATgEx8AFZ6ANrkEHeACDR/AMXs Gb9WS9WO/Wx2x0yap29sEfWJ8/mwOUbQ==</latexit><latexit sha1_base64="DzrICBWeguAcq5ieiXHyw+ZR9O4=">AAAB+XicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxF IrRSE0WO67SmthPZDqgKeRQWBkCsvAkbb4PTZoCWkyyd7r5P3/milFGlHefbWlpeWV1br23UN7e2d3btxt6dSjKJiYcTlshehBRhVBBPU81IL5UE8YiRbjS+Kv3uA5GKJuJWT1IScDQUNKYYaSOFdsPXKAtznyM9kjy/L4rQbjotZwq4SNyKNEGFTmh/+YM EZ5wIjRlSqu86qQ5yJDXFjBR1P1MkRXiMhqRvqECcqCCfRi/gkVEGME6keULDqfp7I0dcqQmPzGQZUc17pfif1890fB7kVKSZJgLPDsUZgzqBZQ9wQCXBmk0MQVhSkxXiEZIIa9NW3ZTgzn95kXgnrYuWe3PabF9WbdTAATgEx8AFZ6ANrkEHeACDR/AMXs Gb9WS9WO/Wx2x0yap29sEfWJ8/mwOUbQ==</latexit><latexit sha1_base64="DzrICBWeguAcq5ieiXHyw+ZR9O4=">AAAB+XicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxF IrRSE0WO67SmthPZDqgKeRQWBkCsvAkbb4PTZoCWkyyd7r5P3/milFGlHefbWlpeWV1br23UN7e2d3btxt6dSjKJiYcTlshehBRhVBBPU81IL5UE8YiRbjS+Kv3uA5GKJuJWT1IScDQUNKYYaSOFdsPXKAtznyM9kjy/L4rQbjotZwq4SNyKNEGFTmh/+YM EZ5wIjRlSqu86qQ5yJDXFjBR1P1MkRXiMhqRvqECcqCCfRi/gkVEGME6keULDqfp7I0dcqQmPzGQZUc17pfif1890fB7kVKSZJgLPDsUZgzqBZQ9wQCXBmk0MQVhSkxXiEZIIa9NW3ZTgzn95kXgnrYuWe3PabF9WbdTAATgEx8AFZ6ANrkEHeACDR/AMXs Gb9WS9WO/Wx2x0yap29sEfWJ8/mwOUbQ==</latexit><latexit sha1_base64="DzrICBWeguAcq5ieiXHyw+ZR9O4=">AAAB+XicbVC9TsMwGHT4LeUvhZHFokJiqhKEBGwVLIxF IrRSE0WO67SmthPZDqgKeRQWBkCsvAkbb4PTZoCWkyyd7r5P3/milFGlHefbWlpeWV1br23UN7e2d3btxt6dSjKJiYcTlshehBRhVBBPU81IL5UE8YiRbjS+Kv3uA5GKJuJWT1IScDQUNKYYaSOFdsPXKAtznyM9kjy/L4rQbjotZwq4SNyKNEGFTmh/+YM EZ5wIjRlSqu86qQ5yJDXFjBR1P1MkRXiMhqRvqECcqCCfRi/gkVEGME6keULDqfp7I0dcqQmPzGQZUc17pfif1890fB7kVKSZJgLPDsUZgzqBZQ9wQCXBmk0MQVhSkxXiEZIIa9NW3ZTgzn95kXgnrYuWe3PabF9WbdTAATgEx8AFZ6ANrkEHeACDR/AMXs Gb9WS9WO/Wx2x0yap29sEfWJ8/mwOUbQ==</latexit>
Time-optimal motion planning: Preview ~10[sec],
using a kino-dynamic centroidal model, contacts are
selected over terrain surfaces previously optimized
min
qt, t
 motion(qt, t)
s.t. (contact constraints)
(kino-dynamic centroidal model)
<latexit sha1_base64="C1fZHz6XizSN X2sjECtQhgmcEds=">AAAC1nichVLLbtQwFHVSHiW8hrJkYzECTSUaJagSsKvKhmWROr RoHEWO43Ss8SO1bxBDFHUBiC3fxo6f4BtwpkEdWiSuZPn43HuP7WMXtRQOkuRnEG5cu 37j5uat6Padu/fujx5svXOmsYxPmZHGHhfUcSk0n4IAyY9ry6kqJD8qFq/7/NEHbp0w+ hCWNc8UPdGiEoyCp/LRL6KEzluiKMyLqj3tBmxVC133DBPptUqar5GYnDa0xE8xqefi olyZXrHrJv/VWme3MSERAf4R/NrFEF/IT/7QzGigDLCfHVgqNLhV32wniXe5yqK12oXQ ZqdcaqoEw4xrsEaUVGJlSi677Xw0TuJkFfgqSAcwRkMc5KMfpDSsUV6JSercLE1qyFp qQTDJu4g0jteULegJn3no9+Uua1fv0uEnnilxZawfuj+/Z9c7WqqcW6rCV/aOuMu5nvx XbtZA9TJrha4b4Jqdb1Q1EoPB/SPjUljOQC49oMwK6L2YU+tN9F8h8iakl698FUyfx6 /i9O3ueG9/cGMTPUKP0QSl6AXaQ2/QAZoiFhwGn4LPwZfwfXgWfg2/nZeGwdDzEP0V4 fffzATn4g==</latexit><latexit sha1_base64="C1fZHz6XizSN X2sjECtQhgmcEds=">AAAC1nichVLLbtQwFHVSHiW8hrJkYzECTSUaJagSsKvKhmWROr RoHEWO43Ss8SO1bxBDFHUBiC3fxo6f4BtwpkEdWiSuZPn43HuP7WMXtRQOkuRnEG5cu 37j5uat6Padu/fujx5svXOmsYxPmZHGHhfUcSk0n4IAyY9ry6kqJD8qFq/7/NEHbp0w+ hCWNc8UPdGiEoyCp/LRL6KEzluiKMyLqj3tBmxVC133DBPptUqar5GYnDa0xE8xqefi olyZXrHrJv/VWme3MSERAf4R/NrFEF/IT/7QzGigDLCfHVgqNLhV32wniXe5yqK12oXQ ZqdcaqoEw4xrsEaUVGJlSi677Xw0TuJkFfgqSAcwRkMc5KMfpDSsUV6JSercLE1qyFp qQTDJu4g0jteULegJn3no9+Uua1fv0uEnnilxZawfuj+/Z9c7WqqcW6rCV/aOuMu5nvx XbtZA9TJrha4b4Jqdb1Q1EoPB/SPjUljOQC49oMwK6L2YU+tN9F8h8iakl698FUyfx6 /i9O3ueG9/cGMTPUKP0QSl6AXaQ2/QAZoiFhwGn4LPwZfwfXgWfg2/nZeGwdDzEP0V4 fffzATn4g==</latexit><latexit sha1_base64="C1fZHz6XizSN X2sjECtQhgmcEds=">AAAC1nichVLLbtQwFHVSHiW8hrJkYzECTSUaJagSsKvKhmWROr RoHEWO43Ss8SO1bxBDFHUBiC3fxo6f4BtwpkEdWiSuZPn43HuP7WMXtRQOkuRnEG5cu 37j5uat6Padu/fujx5svXOmsYxPmZHGHhfUcSk0n4IAyY9ry6kqJD8qFq/7/NEHbp0w+ hCWNc8UPdGiEoyCp/LRL6KEzluiKMyLqj3tBmxVC133DBPptUqar5GYnDa0xE8xqefi olyZXrHrJv/VWme3MSERAf4R/NrFEF/IT/7QzGigDLCfHVgqNLhV32wniXe5yqK12oXQ ZqdcaqoEw4xrsEaUVGJlSi677Xw0TuJkFfgqSAcwRkMc5KMfpDSsUV6JSercLE1qyFp qQTDJu4g0jteULegJn3no9+Uua1fv0uEnnilxZawfuj+/Z9c7WqqcW6rCV/aOuMu5nvx XbtZA9TJrha4b4Jqdb1Q1EoPB/SPjUljOQC49oMwK6L2YU+tN9F8h8iakl698FUyfx6 /i9O3ueG9/cGMTPUKP0QSl6AXaQ2/QAZoiFhwGn4LPwZfwfXgWfg2/nZeGwdDzEP0V4 fffzATn4g==</latexit><latexit sha1_base64="C1fZHz6XizSN X2sjECtQhgmcEds=">AAAC1nichVLLbtQwFHVSHiW8hrJkYzECTSUaJagSsKvKhmWROr RoHEWO43Ss8SO1bxBDFHUBiC3fxo6f4BtwpkEdWiSuZPn43HuP7WMXtRQOkuRnEG5cu 37j5uat6Padu/fujx5svXOmsYxPmZHGHhfUcSk0n4IAyY9ry6kqJD8qFq/7/NEHbp0w+ hCWNc8UPdGiEoyCp/LRL6KEzluiKMyLqj3tBmxVC133DBPptUqar5GYnDa0xE8xqefi olyZXrHrJv/VWme3MSERAf4R/NrFEF/IT/7QzGigDLCfHVgqNLhV32wniXe5yqK12oXQ ZqdcaqoEw4xrsEaUVGJlSi677Xw0TuJkFfgqSAcwRkMc5KMfpDSsUV6JSercLE1qyFp qQTDJu4g0jteULegJn3no9+Uua1fv0uEnnilxZawfuj+/Z9c7WqqcW6rCV/aOuMu5nvx XbtZA9TJrha4b4Jqdb1Q1EoPB/SPjUljOQC49oMwK6L2YU+tN9F8h8iakl698FUyfx6 /i9O3ueG9/cGMTPUKP0QSl6AXaQ2/QAZoiFhwGn4LPwZfwfXgWfg2/nZeGwdDzEP0V4 fffzATn4g==</latexit>
~sec
Robust feedback control: Preview ~10[sec],
using full dynamics model
min
qt, t
 fb(qt, t)
s.t. (contact constraints)
(full dynamics model)
<latexit sha1_base64="/w88CHW57cqK Cx7GS5tSaYrarsM=">AAACyHichVFba9RAFJ7EW42Xrvroy+CibEFDIgX1rVSQgi8VXF vYCWEymXSHziU7c1INIS/9ib755k/pZBvp2goeGOab73znMucUtRQOkuRXEN66fefuv a370YOHjx5vT548/eZMYxmfMyONPS6o41JoPgcBkh/XllNVSH5UnH4c/Edn3Dph9Fdo a54peqJFJRgFT+WT30QJnXdEUVgWVbfqR2xVB33/GhPpc5U03yAxWTW0xK8wqZfiSl4V fT/7b55NdgcTEhHgP8C/XQzxVerZH5oZDZQB9rcDS4UGt45bvEniXa6yaENbNVListV UCeawMiWX/U4+mSZxsjZ8E6QjmKLRDvPJT1Ia1iiugUnq3CJNasg6akEwyfuINI7XlJ3 SE77w0FfjLuvWm+jxS8+UuDLWHz107dnNiI4q51pVeOUwB3fdN5D/8i0aqN5nndB1A1 yzy0L+vxgMHtaKS2E5A9l6QJkVvlfMltT60fnlR34I6fUv3wTzt/GHOP2yO93bH6exh Z6jF2iGUvQO7aEDdIjmiAWfAhk0wVn4OVyF38P2UhoGY8wz9JeF5xcZBOGr</latexit ><latexit sha1_base64="/w88CHW57cqK Cx7GS5tSaYrarsM=">AAACyHichVFba9RAFJ7EW42Xrvroy+CibEFDIgX1rVSQgi8VXF vYCWEymXSHziU7c1INIS/9ib755k/pZBvp2goeGOab73znMucUtRQOkuRXEN66fefuv a370YOHjx5vT548/eZMYxmfMyONPS6o41JoPgcBkh/XllNVSH5UnH4c/Edn3Dph9Fdo a54peqJFJRgFT+WT30QJnXdEUVgWVbfqR2xVB33/GhPpc5U03yAxWTW0xK8wqZfiSl4V fT/7b55NdgcTEhHgP8C/XQzxVerZH5oZDZQB9rcDS4UGt45bvEniXa6yaENbNVListV UCeawMiWX/U4+mSZxsjZ8E6QjmKLRDvPJT1Ia1iiugUnq3CJNasg6akEwyfuINI7XlJ3 SE77w0FfjLuvWm+jxS8+UuDLWHz107dnNiI4q51pVeOUwB3fdN5D/8i0aqN5nndB1A1 yzy0L+vxgMHtaKS2E5A9l6QJkVvlfMltT60fnlR34I6fUv3wTzt/GHOP2yO93bH6exh Z6jF2iGUvQO7aEDdIjmiAWfAhk0wVn4OVyF38P2UhoGY8wz9JeF5xcZBOGr</latexit ><latexit sha1_base64="/w88CHW57cqK Cx7GS5tSaYrarsM=">AAACyHichVFba9RAFJ7EW42Xrvroy+CibEFDIgX1rVSQgi8VXF vYCWEymXSHziU7c1INIS/9ib755k/pZBvp2goeGOab73znMucUtRQOkuRXEN66fefuv a370YOHjx5vT548/eZMYxmfMyONPS6o41JoPgcBkh/XllNVSH5UnH4c/Edn3Dph9Fdo a54peqJFJRgFT+WT30QJnXdEUVgWVbfqR2xVB33/GhPpc5U03yAxWTW0xK8wqZfiSl4V fT/7b55NdgcTEhHgP8C/XQzxVerZH5oZDZQB9rcDS4UGt45bvEniXa6yaENbNVListV UCeawMiWX/U4+mSZxsjZ8E6QjmKLRDvPJT1Ia1iiugUnq3CJNasg6akEwyfuINI7XlJ3 SE77w0FfjLuvWm+jxS8+UuDLWHz107dnNiI4q51pVeOUwB3fdN5D/8i0aqN5nndB1A1 yzy0L+vxgMHtaKS2E5A9l6QJkVvlfMltT60fnlR34I6fUv3wTzt/GHOP2yO93bH6exh Z6jF2iGUvQO7aEDdIjmiAWfAhk0wVn4OVyF38P2UhoGY8wz9JeF5xcZBOGr</latexit ><latexit sha1_base64="/w88CHW57cqK Cx7GS5tSaYrarsM=">AAACyHichVFba9RAFJ7EW42Xrvroy+CibEFDIgX1rVSQgi8VXF vYCWEymXSHziU7c1INIS/9ib755k/pZBvp2goeGOab73znMucUtRQOkuRXEN66fefuv a370YOHjx5vT548/eZMYxmfMyONPS6o41JoPgcBkh/XllNVSH5UnH4c/Edn3Dph9Fdo a54peqJFJRgFT+WT30QJnXdEUVgWVbfqR2xVB33/GhPpc5U03yAxWTW0xK8wqZfiSl4V fT/7b55NdgcTEhHgP8C/XQzxVerZH5oZDZQB9rcDS4UGt45bvEniXa6yaENbNVListV UCeawMiWX/U4+mSZxsjZ8E6QjmKLRDvPJT1Ia1iiugUnq3CJNasg6akEwyfuINI7XlJ3 SE77w0FfjLuvWm+jxS8+UuDLWHz107dnNiI4q51pVeOUwB3fdN5D/8i0aqN5nndB1A1 yzy0L+vxgMHtaKS2E5A9l6QJkVvlfMltT60fnlR34I6fUv3wTzt/GHOP2yO93bH6exh Z6jF2iGUvQO7aEDdIjmiAWfAhk0wVn4OVyF38P2UhoGY8wz9JeF5xcZBOGr</latexit >
~msec
Contacts planning: Preview 2-4 contacts, using a
centroidal dynamics model embedded in a mixed
integer solver, ~0.5-1.0[sec].
~.5-1s
min
ht, t,pe
 cnt(ht, t,pe)
s.t. (dynamic centroidal model)
(terrain & contact constraints)
<latexit sha1_base64="lRMfTvjriWYps jm2dxPPDa8naMg=">AAADCHichZLLbtQwFIadcCvhNoUlCyxGVFMJogRVKuwq2LAsEkMr jaPIcZyOVV+CfVIxirJlw6uwYQGILY/AjrfBmQamTCtxpCi/v3PNiYtaCgdJ8isIL12+ cvXaxvXoxs1bt++MNu++daaxjE+ZkcYeFtRxKTSfggDJD2vLqSokPyiOX/b+gxNunTD6D Sxqnil6pEUlGAWP8s3gAVFC5y1RFOZF1c67QVvVQtc9xkT6YiXNV9CzIbju/mLedZi8a2 iJtzCp52JVhWlfZ/Lf+mv0og7bmJCIAH8P/uhiiFctJ39wudBUCYYZ12CNKKnEypRcLpN nT5J4h6ssOpMA3FoqNCZbmBkNlEH/dtBDcN12PhoncbI0fF6kgxijwfbz0U9SGtYoPwC T1LlZmtSQtdSCYJJ3EWkcryk7pkd85qUfl7usXf7JDj/ypMSVsf7R/SSens1oqXJuoQof 2a/Frft6eJFv1kD1LGuFrhvgmp02qhqJweD+WuBSWM5ALrygzAroVzin1q/DX57ILyFd/ +TzYvo0fh6nr3fGey+GbWyg++ghmqAU7aI99ArtoyliwYfgU/Al+Bp+DD+H38Lvp6FhMO TcQ/9Y+OM3zdz7kw==</latexit><latexit sha1_base64="lRMfTvjriWYps jm2dxPPDa8naMg=">AAADCHichZLLbtQwFIadcCvhNoUlCyxGVFMJogRVKuwq2LAsEkMr jaPIcZyOVV+CfVIxirJlw6uwYQGILY/AjrfBmQamTCtxpCi/v3PNiYtaCgdJ8isIL12+ cvXaxvXoxs1bt++MNu++daaxjE+ZkcYeFtRxKTSfggDJD2vLqSokPyiOX/b+gxNunTD6D Sxqnil6pEUlGAWP8s3gAVFC5y1RFOZF1c67QVvVQtc9xkT6YiXNV9CzIbju/mLedZi8a2 iJtzCp52JVhWlfZ/Lf+mv0og7bmJCIAH8P/uhiiFctJ39wudBUCYYZ12CNKKnEypRcLpN nT5J4h6ssOpMA3FoqNCZbmBkNlEH/dtBDcN12PhoncbI0fF6kgxijwfbz0U9SGtYoPwC T1LlZmtSQtdSCYJJ3EWkcryk7pkd85qUfl7usXf7JDj/ypMSVsf7R/SSens1oqXJuoQof 2a/Frft6eJFv1kD1LGuFrhvgmp02qhqJweD+WuBSWM5ALrygzAroVzin1q/DX57ILyFd/ +TzYvo0fh6nr3fGey+GbWyg++ghmqAU7aI99ArtoyliwYfgU/Al+Bp+DD+H38Lvp6FhMO TcQ/9Y+OM3zdz7kw==</latexit><latexit sha1_base64="lRMfTvjriWYps jm2dxPPDa8naMg=">AAADCHichZLLbtQwFIadcCvhNoUlCyxGVFMJogRVKuwq2LAsEkMr jaPIcZyOVV+CfVIxirJlw6uwYQGILY/AjrfBmQamTCtxpCi/v3PNiYtaCgdJ8isIL12+ cvXaxvXoxs1bt++MNu++daaxjE+ZkcYeFtRxKTSfggDJD2vLqSokPyiOX/b+gxNunTD6D Sxqnil6pEUlGAWP8s3gAVFC5y1RFOZF1c67QVvVQtc9xkT6YiXNV9CzIbju/mLedZi8a2 iJtzCp52JVhWlfZ/Lf+mv0og7bmJCIAH8P/uhiiFctJ39wudBUCYYZ12CNKKnEypRcLpN nT5J4h6ssOpMA3FoqNCZbmBkNlEH/dtBDcN12PhoncbI0fF6kgxijwfbz0U9SGtYoPwC T1LlZmtSQtdSCYJJ3EWkcryk7pkd85qUfl7usXf7JDj/ypMSVsf7R/SSens1oqXJuoQof 2a/Frft6eJFv1kD1LGuFrhvgmp02qhqJweD+WuBSWM5ALrygzAroVzin1q/DX57ILyFd/ +TzYvo0fh6nr3fGey+GbWyg++ghmqAU7aI99ArtoyliwYfgU/Al+Bp+DD+H38Lvp6FhMO TcQ/9Y+OM3zdz7kw==</latexit><latexit sha1_base64="lRMfTvjriWYps jm2dxPPDa8naMg=">AAADCHichZLLbtQwFIadcCvhNoUlCyxGVFMJogRVKuwq2LAsEkMr jaPIcZyOVV+CfVIxirJlw6uwYQGILY/AjrfBmQamTCtxpCi/v3PNiYtaCgdJ8isIL12+ cvXaxvXoxs1bt++MNu++daaxjE+ZkcYeFtRxKTSfggDJD2vLqSokPyiOX/b+gxNunTD6D Sxqnil6pEUlGAWP8s3gAVFC5y1RFOZF1c67QVvVQtc9xkT6YiXNV9CzIbju/mLedZi8a2 iJtzCp52JVhWlfZ/Lf+mv0og7bmJCIAH8P/uhiiFctJ39wudBUCYYZ12CNKKnEypRcLpN nT5J4h6ssOpMA3FoqNCZbmBkNlEH/dtBDcN12PhoncbI0fF6kgxijwfbz0U9SGtYoPwC T1LlZmtSQtdSCYJJ3EWkcryk7pkd85qUfl7usXf7JDj/ypMSVsf7R/SSens1oqXJuoQof 2a/Frft6eJFv1kD1LGuFrhvgmp02qhqJweD+WuBSWM5ALrygzAroVzin1q/DX57ILyFd/ +TzYvo0fh6nr3fGey+GbWyg++ghmqAU7aI99ArtoyliwYfgU/Al+Bp+DD+H38Lvp6FhMO TcQ/9Y+OM3zdz7kw==</latexit>
Sr
<latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDNSgMxFI Xv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4RSU1RiRJYa80yPNEY TeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwrjDua2NL9+WLGc2uneeJu5pzG9m+2 MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuDNG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="Rdnv+igr5jZwlVij11drtzrO0fY=">AAAB9XicbVA9T8MwEL 3wWUqBwITEYlEhMVUJC7AhsTAWQWilNooc122t2k5kO0hVFBb+CgsDIP4KG/8GJ+0ALU866fm9O/nuxSln2njet7Oyura+sVnbqm83dnb33P3Gg04yRWhAEp6obow15UzSwDDDaTdVF IuY0048uS79ziNVmiXy3kxTGgo8kmzICDZWitzDvsBmTDDP74oorx5K5KooIrfptbwKaJn4c9KEOdqR+9UfJCQTVBrCsdY930tNmGNlGOG0qPczTVNMJnhEe5ZKLKgO8+qCAp1YZYCG ibIlDarU3xM5FlpPRWw7yxX1oleK/3m9zAwvwpzJNDNUktlHw4wjk6AyDjRgihLDp5ZgopjdFZExVpgYG1rdhuAvnrxMgrPWZcu/9aAGR3AMp+DDOVzBDbQhAAJP8AJv8O48O6/Oxyy tFWce2wH8gfP5A7C0lis=</latexit><latexit sha1_base64="Rdnv+igr5jZwlVij11drtzrO0fY=">AAAB9XicbVA9T8MwEL 3wWUqBwITEYlEhMVUJC7AhsTAWQWilNooc122t2k5kO0hVFBb+CgsDIP4KG/8GJ+0ALU866fm9O/nuxSln2njet7Oyura+sVnbqm83dnb33P3Gg04yRWhAEp6obow15UzSwDDDaTdVF IuY0048uS79ziNVmiXy3kxTGgo8kmzICDZWitzDvsBmTDDP74oorx5K5KooIrfptbwKaJn4c9KEOdqR+9UfJCQTVBrCsdY930tNmGNlGOG0qPczTVNMJnhEe5ZKLKgO8+qCAp1YZYCG ibIlDarU3xM5FlpPRWw7yxX1oleK/3m9zAwvwpzJNDNUktlHw4wjk6AyDjRgihLDp5ZgopjdFZExVpgYG1rdhuAvnrxMgrPWZcu/9aAGR3AMp+DDOVzBDbQhAAJP8AJv8O48O6/Oxyy tFWce2wH8gfP5A7C0lis=</latexit><latexit sha1_base64="y6Y1zZfQua/6MwD0GzFYeu4gc4E=">AAACAHicbVC7TsMwFH XKq5RXgAWJxaJCYqoSFmCrYGEsgtBKbRQ5rtNatZ3IdpCqKCz8CgsDIFY+g42/wUkzQMuRLB2fc6/uvSdMGFXacb6t2tLyyupafb2xsbm1vWPv7t2rOJWYeDhmseyFSBFGBfE01Yz0E kkQDxnphpOrwu8+EKloLO70NCE+RyNBI4qRNlJgHww40mOMWHabB1n5kTyTeR7YTafllICLxK1IE1ToBPbXYBjjlBOhMUNK9V0n0X6GpKaYkbwxSBVJEJ6gEekbKhAnys/KC3J4bJQh jGJpntCwVH93ZIgrNeWhqSxWVPNeIf7n9VMdnfsZFUmqicCzQVHKoI5hEQccUkmwZlNDEJbU7ArxGEmEtQmtYUJw509eJN5p66Ll3jjN9mWVRh0cgiNwAlxwBtrgGnSABzB4BM/gFbx ZT9aL9W59zEprVtWzD/7A+vwBNEGXkg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit><latexit sha1_base64="1mzV+SzSbyDaiFID+xhMWUhzOXc=">AAACAHicbVDLSsNAFJ 34rPUVdSO4GSyCq5KIoO6KblxWNLbQhjCZTtqhM5MwMxFKiBt/xY0LFbd+hjv/xkmahbYeGDhzzr3ce0+YMKq043xbC4tLyyurtbX6+sbm1ra9s3uv4lRi4uGYxbIbIkUYFcTTVDPST SRBPGSkE46vCr/zQKSisbjTk4T4HA0FjShG2kiBvd/nSI8wYtltHmTlR/JM5nlgN5ymUwLOE7ciDVChHdhf/UGMU06Exgwp1XOdRPsZkppiRvJ6P1UkQXiMhqRnqECcKD8rL8jhkVEG MIqleULDUv3dkSGu1ISHprJYUc16hfif10t1dO5nVCSpJgJPB0UpgzqGRRxwQCXBmk0MQVhSsyvEIyQR1ia0ugnBnT15nngnzYume3PaaF1WadTAATgEx8AFZ6AFrkEbeACDR/AMXsG b9WS9WO/Wx7R0wap69sAfWJ8/NYGXlg==</latexit>
Figure 4: Proposed architecture for motion planning and control, highlighting within red
boxes the components where theoretical contributions have been achieved. The
input to the proposed architecture is a task description composed by the definition
of the initial and desired final states, a given contact sequence to follow or a terrain
description from where to select it, and a set of importance weighted costs that
define the desirability of each term of the objective functions of the contacts and
motion - planning and control trajectory optimization problems.
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the previously optimized contact force, momentum and whole body trajectories (λt,
ht, qt) to design impedance policies (Kλ, Kh, Kq) for optimal tracking of the desired
kino-dynamic behaviors even in the presence of uncertainty or model inaccuracies.
In its current state, the proposed architecture optimizes a motion and then
executes it, i.e. the motion is optimized only once instead of in a receding horizon
fashion. In spite of this limitation, it is capable of successfully generating and
executing many motions. However, thanks to the computational efficiency of the
algorithms composing the proposed architecture, it could be possible to use it in a
receding horizon fashion (using a shorter time-horizon, benefiting from warm-starts
using previous solutions and using updated measured states and constraints) to
achieve close to real-time truly robust and adaptive control capabilities.
Cost and constraints
Task performance descriptors as well as feasible sets for the optimization variables
constitute the inputs to the proposed architecture. Task performance descriptors
allow to measure the quality of a solution and thus to select the best one among the
set of feasible ones. They are built in terms of state and control features and express
its desirability. For instance, within the architecture shown in Figure 4, the functions
φcnt(·), φmotion(·) and φfb(·) express the desirability of state-control features (contact
force λt, momentum ht, whole-body trajectories qt, and endeffector contacts pe)
within the solutions of the contacts planning, combined contact force and motion
planning, and kino-dynamic feedback design problems.
Problem constraints instead define the sets of admissible solutions without in-
dicating any preference among them. For instance, in a kinematic optimization
problem a task performance descriptor “cost” would describe the desirability of a
robot posture over others, while a “task constraint” would describe e.g. joint limits,
location of an endeffector over a surface to be in contact, or non-penetration obstacle
constraints when not in contact. In a dynamics problem, a cost could e.g. describe
the desirability of low energy solutions, while a constraint could describe the set of
forces admissible to generate a motion or torque actuation limits.
Task feedback
The optimized time-optimal contact and movement plans define a desired nominal
behavior for the robot motion in the environment (robot postures and velocities) as
well as for the robot interaction with the environment (contact forces). The successful
realization of these desired behaviors requires stabilization around the nominal
trajectories to cope with environmental uncertainties and mismatches between the
planning model and reality (e.g. a static and rigid contact model used for motion
planning that differs from a spring-damper system contact model used for execution
within the physical simulator).
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The first idea that comes to mind is the use of hand-designed proportional-
derivative (PD) feedback controllers to track the optimal feature trajectories; however,
their applicability is limited and the required tuning effort might be high. For these
reasons, the architecture proposed in this dissertation makes use of time-varying
linear quadratic regulators (TV-LQR) for optimal tracking of the desired whole-
body motion trajectories. They exploit all the couplings between the robot’s degrees
of freedom and the superposition property of impedances makes it possible to
further exploit the kino-dynamic separability of motion plans for feedback control.
Furthermore, these feedback control laws can be synthesized using noise-sensitive
algorithms in order to allow the robot to select the appropriate impedance according
to its knowledge about the uncertainty in the environment.
2.2 contribution
This section states the contributions of this dissertation in terms of the structural
analysis of the problem, the construction of dedicated solvers to exploit the un-
derstanding of this structure and the evaluation of the proposed architecture in
multi-contact interaction tasks.
The proposed architecture formulates and implements contacts and whole-body
motion planners as well as kino-dynamic feedback controllers to efficiently optimize
and successfully execute desired movement plans (Contr. A1). At the core of the
motion planning and control architecture are optimal control methods based on
the centroidal momentum dynamics that exploit the geometrical properties of the
dynamics model to achieve very high levels of computational efficiency (Contr.
A2). The methods to be introduced allow to study and optimize the effects of
time at generating highly dynamic and robust motion plans that include full
flight phases while preserving computational efficiency (Contr. A3). Further, the
proposed formulation leads to a dedicated solver with polynomial-time convergence
properties that could be exploited for receding horizon control or the efficient
selection of contacting surfaces in uneven terrains based on a measure of dynamical
robustness using a mixed-integer solver (Contr. A4).
Feedback controllers sensitive to uncertainties in the environment are derived
and used to select the impedance or compliance policy according to the task’s
uncertainty type, such as e.g in tasks involving contact interactions with an uncertain
environment modeled as optimal control problems with measurement noise (Contr.
A5). It is further shown in simulation experiments that the feedback controller is
applicable to each of the sub-problems composing the whole-body motion planning
algorithm in a very large dimensional system such as a humanoid robot and that the
super-position of the optimized impedances leads to robust tracking performance
of the desired kino-dynamic movement plans (Contr. A6). Finally, the kinematics
solver, inspired on how a consensus solver finds a solution to a problem, is able to
incorporate nonconvexities in a simple yet efficient distributed manner (Contr. A7).
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Additionally, the proposed theoretical contributions have found application out-
side of this dissertation, such as in a search-based contact planner where neural
networks are trained at predicting the optimal evolution of the robot centroidal
momenta and then used to generate dynamically robust contact sequences using
a search-based planner [44], or in practical applications of the algorithms on a
quadruped robot [121, 122] that dynamically traverses uneven terrains.
To summarize, the contributions of the proposed motion planning and control
architecture presented in this dissertation extensively exploit the mathematical
structure of the trajectory optimization problems to develop efficient but accurate
approximations. The remaining part of this section provides a summary of the
contributions to be presented in the following chapters.
Contribution I: Dynamic motion and contacts planning
Background
Optimal control theory is a fundamental tool in the robotics community [123] that
has been extensively used for solving contacts and motion - planning and control
problems described using dynamics models with different levels of complexity.
Some approaches use simplified contacts or dynamics models to efficiently find a
solution, but potentially limiting their applicability to specialized tasks [106, 124,
125]. Other approaches attempt to find a solution to the trajectory optimization
problem using off-the-shelf solvers without simplifying assumptions and using a
full dynamics model, leading to solutions that can leverage the full capabilities of the
robot but that are potentially very costly to optimize [29, 89, 126] and might miss the
benefits of exploiting structural properties of the problem [79]. Given the goal of this
dissertation being the close to real-time planning of complex multi-contact behaviors
and fast control loops, this chapter will propose a middle ground optimal control
formulation based on the centroidal dynamics and focus on its structural analysis
to devise efficient yet accurate approximations that do not sacrifice generality.
Contribution
The proposed approach is based on a decomposition of the whole-body finite-
horizon trajectory optimization problem over joint and contact force trajectories in
two sub-problems: a trajectory optimization over the whole body and an optimal
control problem over the centroidal dynamics [79]. Taking this formulation as
starting point, the proposed architecture suggests to solve the centroidal dynamics
problem using a sequential convex approximation of its nonconvexities within its
convex envelope and tailored to the curvature knowledge. An efficient and sparse
implementation of the method achieves polynomial-time convergence rates, which
make it possible to optimize 10 seconds of motion in around a second (Contr. A2).
The general nature of the approximation allows to include time as an optimization
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variable (Contr. A3), which significantly improves feasibility and robustness of the
generated motions making it possible to e.g. generate highly dynamic movements
such as jumps with full flight-phases without affecting convergence properties.
The gained efficiency in the optimization of movement plans using a centroidal
dynamics model can also be exploited to optimize discrete contact decisions over
complex uneven terrains based on a criteria of dynamical robustness using a mixed-
integer solver (Contr. A4). This solver remains computationally efficient for short
contact sequences and its capabilities go beyond traditional approaches that limit
themselves to quasi-static assumptions. This chapter will show that discrete contact
decision can be made in dynamically challenging situations such as crossing a wide
gap, going down a steep slope or recovering from a push. In summary, the proposed
approach is general enough such that highly dynamic time-optimal multi-contact
whole-body motions over challenging scenarios can be optimized out of task and
terrain descriptions, but at the same time it is computationally very efficient for
close to real-time applications (Contr. A1).
Context
The proposed formulations are motivated by the kino-dynamic decomposition
presented in [79], that allows the focus of this chapter to be on the efficient solution
of the dynamics problem exploiting its rich structure. Hopefully, the efficiency and
convergence properties of the proposed approximations can in the future be further
exploited to reactively and robustly control robotic platforms in real-world scenarios
in a receding horizon fashion. The contents of this chapter constitute an extended
version of the conference paper [127]. Plans resulting from this algorithm can be
stabilized using the feedback controllers to be described in chapter 5 and executed
on a torque controlled humanoid robot using inverse dynamics algorithms [92].
Contribution II: Feedback control design
Background
The proposed architecture takes advantage of the problem’s structure to efficiently
find feasible whole-body motion and contact force trajectories. However, despite the
progress at improving the computational efficiency of the derived algorithms, they
are still not able to achieve real-time control rates of 1KHz, but lower ones. Thus,
to cope with the discrepancy between the model for planning and the simulated
environment for execution, the proposed architecture includes a module for feed-
back control design to stabilize the desired kino-dynamic trajectories. In previous
work, a reinforcement learning approach was used to optimize impedance policies
for robust trotting on a quadruped robot [121, 128] by sampling from real-world
and simulated data. In this chapter, the aim is to derive based on first principles a
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model-based optimal control algorithm for feedback design capable of synthesizing
policies sensitive to environmental uncertainty for kino-dynamic movement plans.
Contribution
This chapter will present a computationally efficient feedback control design method
that distinguishes itself from standard approaches in that it is sensitive to two
sources of uncertainty coming from the environment (process and measurement
noise), which allows it to adapt the impedance behavior of its feedback control law
to the environmental uncertainty (Contr. A5). By exploiting the separability of a
trajectory optimization problem into a whole-body and a contact force problems,
the proposed architecture builds feedback controllers to stabilize the desired motion
and contact force interaction trajectories of kino-dynamic movement plans for a
high-dimensional humanoid robot (Contr. A6). This chapter will also show that
in the presence of environmental uncertainties such as unknown distances to the
locations of stepping stones, sensitivity to measurement noise naturally leads to
compliant policies to control the interaction between the robot and an uncertain
environment.
Context
The proposed approach for feedback design is based on the superposition property
of impedances and the kino-dynamic separability of trajectory optimization prob-
lems into a whole-body motion and a centroidal dynamic problem. The proposed
architecture exploits this separability to independently design feedback policies
that generate optimal closed-loop behaviors for motion and contact interaction
tasks, which further exploit all the couplings between the system states (in contrast
with naive diagonal PD controllers). The contents of this chapter constitute an
extended version of the conference papers [23, 129], as it proposes and demonstrates
a feedback control architecture for a high-dimensional humanoid robot traversing
challenging and uncertain scenarios. The desired kino-dynamic feedback behaviors
can be realized on a torque controlled robot with inverse dynamics algorithms [92].
Contribution III: Kinematic motion planning
Background
Multi-contact trajectory optimization for robots traversing dynamically challenging
scenarios is typically performed using complex models to describe the dynamic
and kinematic interaction among all rigid bodies of a robot [29]. However, thanks
to recent work [79] that suggested the possibility to take advantage of the kino-
dynamic structure of the centroidal momentum dynamics [130] to independently
optimize whole-body motion and contact force trajectories, it is possible to focus in
2.3 list of contributions 27
this chapter on the whole-body motion optimization problem. Desirable properties
of a whole-body trajectory include e.g. smoothness that comes from considering
a time-horizon in the optimization [131, 132], as well as the ability to incorporate
non-convex constraints such as the ones for obstacle avoidance, without turning the
entire problem nonconvex and thus intractable for the problem sizes of interest.
Contribution
This chapter presents an algorithm for whole-body motion planning (Contr. A7). The
most important characteristics of the approach are: a) Its capability of considering
a time-horizon within the optimization that leads to smooth whole-body motion
trajectories (when possible given the aim for highly dynamic motions such as
galloping on a quadruped robot), and b) the possibility to include nonconvex
constraints (such as the ones for obstacle avoidance) by taking inspiration on
how a consensus algorithm solves a big problem by decomposing it into smaller
ones (easier to solve, even though they might still be nonconvex). The proposed
algorithm combines a Limited-Memory BFGS solver to approximate the solution
of small nonconvex problems (solvable in a distributed manner) with an efficient
Interior-Point method that will bring the solutions to consensus. The algorithm
offers a compromise between computational efficiency and suitability for generating
complex kinematic motions.
Context
The proposed optimal control formulation is motivated by the separability of trajec-
tory optimization problems based on the kino-dynamic structure of the centroidal
momentum dynamics [79] that can be exploited using dedicated solvers. In a future,
when much more complex and dynamic motions (such as parkour maneuvers,
back-flips or traversing complex scenarios with obstacles) are possible in terms of
hardware control (e.g. new ideas are needed to model hard contact constraints of
inverse dynamics algorithms [92] in more flexible ways, such as [129, 133]), the
proposed algorithm could be useful at finding feasible kinematic plans for complex
motions as efficiently as possible.
2.3 list of contributions
The contributions of the architecture proposed in this dissertation are as follows:
Contr. A1 It formulates and implements computationally efficient contacts and
whole-body motion planning as well as feedback control methods for robots
performing multi-contact interaction tasks. At the core of the architecture are
efficient optimal control methods that exploit the problem mathematical structure.
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Contr. A2 It analyses the geometrical properties of the centroidal dynamics, identi-
fies its basic sources of nonconvexity (quadratic equality constraints), and builds
efficient yet accurate approximations using sequential convex methods that exploit
the knowledge about the problem’s curvature.
Contr. A3 It can generate time-optimal motions without affecting convergence
properties, which opens the possibility to the generation of highly complex and
dynamic motions including full flight phases or very limiting constraints.
Contr. A4 It shows that the dedicated solver with polynomial-time convergence
properties for centroidal dynamics optimization can be integrated in an mixed-
integer solver to efficiently select contacting surfaces in complex uneven terrains
based on a measure of dynamical robustness.
Contr. A5 It introduces feedback controllers sensitive to uncertainties in the environ-
ment as a way to optimally select the impedance or compliance policy according
to the task’s uncertainty type, which leads to the idea of modeling uncertain
contact interactions as optimal control problems with measurement uncertainty.
Contr. A6 It shows in simulation experiments that the superposition of feedback
controllers for each sub-problem (contact force and whole-body trajectory opti-
mization) in a very large dimensional system such as a humanoid robot leads to
robust tracking performance of the desired kino-dynamic movement plans.
Contr. A7 It proposes a kinematics solver, inspired on how a consensus solver finds
a solution to a problem, that is capable of handling soft nonconvexities in a simple
yet efficient distributed manner.
Chapter3
D Y N A M I C M O T I O N P L A N N I N G
Abstract
The synthesis of complex whole-body movements requires solving hard noncon-
vex trajectory optimization problems. Among its most challenging issues are the
high problem’s dimensionality, a limited time budget to find a solution amenable
for execution, nonconvexities coming from nonlinear dynamic constraints and dis-
continuities due to intermittent contacts. This chapter takes as starting point the
kino-dynamic approach [79] that scales down the large dimensionality of a problem
that simultaneously optimizes kinematic and dynamic variables by reformulating it
in an alternating manner, where kinematic and dynamic variables are sequentially
optimized until convergence to a common set of bridging variables, namely the
robot centroidal momentum and endeffector poses. It then proposes a solution
for the dynamics part of the trajectory optimization problem that systematically
addresses the challenges by exploiting the problem’s structure. The nonconvexities
of the Newton-Euler equations are approximated using an iterative convex model
built based on its curvature properties, which improves convergence for online
generation of time-optimized movement plans. Furthermore, the use of this model
to efficiently check feasibility of dynamic motions within a mixed-integer solver
allows to take discrete decisions over the contact surfaces from a terrain that support
the generation of a desired dynamic motion. To sum up, the algorithm decides over
contacting surfaces (globally or with e sub-optimality using a mixed integer solver)
and then computes locally time optimal motions (that can also respect actuation
limits) fast enough for online control using an Interior Point method for convex
programming. The capabilities and limitations of the approach are evaluated in
several multi-contact scenarios traversed by a physically simulated humanoid robot.
Notes:
The contents of this chapter and the introductory section 1.6 will be submitted as a journal
article, and constitute an extended version of the conference paper [127].
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3.1 introduction
Many approaches have been proposed in the literature for the optimization of com-
plex robotic behaviors. One of the fundamental differences among these approaches
is the level of expressiveness of the dynamics model used within the trajectory
optimization problem, as its degree of complexity implies a compromise or trade-off
between the variety of movements that can be synthesized and the difficulty of
solving the corresponding trajectory optimization problem [98].
Among the first approaches proposed in the literature are those based on linear
models [124, 125, 134, 135] that e.g. describe only the essence of a behavior such as
the motion of its Center of Mass (CoM). They offer great computational advantages
that make them suitable for receding horizon control [136, 137, 138], but also they
have enough model expressiveness to describe a desired task that makes them well
suited to successfully control the performance of the desired (usually specialized)
robotic task such as e.g. flat-ground walking in an uncertain environment [139, 140,
141, 142].
Researchers have also considered trajectory optimization problems where the
full set of equations of motion of a floating-base system are used to describe the
physical interaction among all robot bodies, because this allows them to synthesize
motions that exploit the full robot’s capabilities and are thus methods useful for
a wider and more complex range of behaviors. Despite the enormous challenges
of solving such problems, great results have been achieved. To name a few: [67,
86, 96] efficiently optimize and execute complex tasks for a quadruped robot that
include gait and motion discovery. [40, 89, 143] show theoretical and experimental
results on online movement generation and robust control for legged robots. Further
works [29, 55, 87, 126, 144, 145] present theoretical approaches on how to efficiently
generate contact and movement plans for much more complex behaviors such as
the cooperation of several characters on a common task or the automatic discovery
of contacts.
Trajectory optimization problems with an intermediate level of complexity have
also been studied [95, 98, 146, 147]. One of these approaches based on the centroidal
momentum dynamics [91, 93] has become very popular in the robotics commu-
nity [79, 84, 148], because under the assumption of actuation feasibility (enough
torque authority), it provides sufficient conditions to plan kino-dynamically con-
sistent whole-body motions [84]. Trajectory optimization approaches based on the
momentum dynamics are simple enough to be solved online to control the perfor-
mance of a legged robot [32, 94], but at the same time expressive enough to plan
complex behaviors [23, 32, 98, 147]. [84] e.g. shows that a trajectory optimization
approach based on the centroidal momentum dynamics can be used to generate
time-optimal whole-body motions using a general nonlinear solver for nonconvex
programming [100]. Furthermore, it is capable of selecting contacts formulated as
complementarity constraints and can handle obstacle avoidance.
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Approaches based on the momentum dynamics model are still nonconvex and
thus hard to solve, which led researchers to focus on the problem mathematical
structure to derive more efficient methods. [130] e.g. uses a convex bound on
the angular momentum rate (that maximizes the contact wrench cone margin)
to minimize a worst-case bound on the l1 angular momentum norm via convex
optimization. In [32, 94], the bilinear terms of the momentum dynamics and timings
are handled by a dedicated solver based on multiple-shooting, proxy constraints
are used for handling whole-body limits based on an offline learning method,
and experiments on a humanoid robot exemplify the online control capabilities
of the approach. [147] exploits a linear formulation of the momentum dynamics
based on a lower dimensional space projection and an adaptive method for timing
optimization to control a robot traversing multi-contact scenarios in a receding
horizon fashion. In [95, 146], the interpretation of friction cones as dual twists
allows to compute online cones of feasible CoM accelerations. The resulting bilinear
constraints are decoupled into linear pairs via a conservative trajectory-wide contact-
stability criterion for online motion generation. Timings between contact switches
are optimized online using a nonlinear but fast to solve problem.
[79], similarly to [84], proposed a kino-dynamic trajectory optimization method
based on the momentum dynamics solvable in an alternating manner. It further
proposed an analytical decomposition of positive and negative definite terms of
the problem’s Lagrangian based on the decomposition of angular momentum non-
convexities to improve solver convergence properties. Our previous work [149]
proposed a relaxation of the problem that suggested the use of a proxy function to
minimize angular momentum, namely the sum of the squares of the terms compos-
ing its nonconvexity. [122] showed experimental evidence about the application of
this approach [149] to control a quadruped robot and determined that not being able
to include an explicit target momentum in the cost function limits the applicability
of the approach, as it is not well suited for the alternating whole-body motion
optimization method [79]. For this reason, in [127] we proposed a more general
approximation of the problem’s nonconvexities: two methods for convex relaxation
of the dynamics problem that allowed to include an explicit angular momentum
objective, and thus to use it in the alternating approach [79] to compute consistent
whole-body time-optimal kino-dynamic motions. Recently, [98] presented a novel
phase-based parameterization of endeffectors and a smooth terrain description to
formulate an optimization problem, online solvable with a general nonlinear solver,
able to select gait-sequences, momentum and timings, swing-motions and body
poses, thus bringing to mind the question if a problem approximation is needed.
This chapter presents an extended version of the previous problem formula-
tion [127] that includes the following contributions:
• A convex, accurate and efficient modeling of the nonconvex centroidal mo-
mentum dynamics, based on two convex relaxations, that allows to online
generate time-optimized dynamic motions.
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<latexit sha1_base64="dsX5H6B4Q9rxnIVK7xQuBrtaLb4=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16CRbBU0lEUG9FLx4rGFtoQthsN+3azSbsTtQS81O8eFDx6j/x5r 9x2+agrQ8GHu/NMDMvTDlTYNvfRmVpeWV1rbpe29jc2t4x67u3KskkoS5JeCK7IVaUM0FdYMBpN5UUxyGnnXB0OfE791QqlogbGKfUj/FAsIgRDFoKzLoHOAtyD+gjyDi/K4rAbNhNewprkTglaaAS7cD88voJyWIqgHCsVM+xU/BzLIERToualymaYjLCA9rTVOCYKj+fnl5Yh1rpW1EidQmwpurviRzHSo3jUHfGGIZq3puI/3m9DKIzP2cizYAK MlsUZdyCxJrkYPWZpAT4WBNMJNO3WmSIJSag06rpEJz5lxeJe9w8bzrXJ43WRZlGFe2jA3SEHHSKWugKtZGLCHpAz+gVvRlPxovxbnzMWitGObOH/sD4/AHEl5SI</latexit><latexit sha1_base64="dsX5H6B4Q9rxnIVK7xQuBrtaLb4=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16CRbBU0lEUG9FLx4rGFtoQthsN+3azSbsTtQS81O8eFDx6j/x5r 9x2+agrQ8GHu/NMDMvTDlTYNvfRmVpeWV1rbpe29jc2t4x67u3KskkoS5JeCK7IVaUM0FdYMBpN5UUxyGnnXB0OfE791QqlogbGKfUj/FAsIgRDFoKzLoHOAtyD+gjyDi/K4rAbNhNewprkTglaaAS7cD88voJyWIqgHCsVM+xU/BzLIERToualymaYjLCA9rTVOCYKj+fnl5Yh1rpW1EidQmwpurviRzHSo3jUHfGGIZq3puI/3m9DKIzP2cizYAK MlsUZdyCxJrkYPWZpAT4WBNMJNO3WmSIJSag06rpEJz5lxeJe9w8bzrXJ43WRZlGFe2jA3SEHHSKWugKtZGLCHpAz+gVvRlPxovxbnzMWitGObOH/sD4/AHEl5SI</latexit><latexit sha1_base64="dsX5H6B4Q9rxnIVK7xQuBrtaLb4=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16CRbBU0lEUG9FLx4rGFtoQthsN+3azSbsTtQS81O8eFDx6j/x5r 9x2+agrQ8GHu/NMDMvTDlTYNvfRmVpeWV1rbpe29jc2t4x67u3KskkoS5JeCK7IVaUM0FdYMBpN5UUxyGnnXB0OfE791QqlogbGKfUj/FAsIgRDFoKzLoHOAtyD+gjyDi/K4rAbNhNewprkTglaaAS7cD88voJyWIqgHCsVM+xU/BzLIERToualymaYjLCA9rTVOCYKj+fnl5Yh1rpW1EidQmwpurviRzHSo3jUHfGGIZq3puI/3m9DKIzP2cizYAK MlsUZdyCxJrkYPWZpAT4WBNMJNO3WmSIJSag06rpEJz5lxeJe9w8bzrXJ43WRZlGFe2jA3SEHHSKWugKtZGLCHpAz+gVvRlPxovxbnzMWitGObOH/sD4/AHEl5SI</latexit><latexit sha1_base64="dsX5H6B4Q9rxnIVK7xQuBrtaLb4=">AAAB+XicbVBNS8NAEN3Ur1q/Uj16CRbBU0lEUG9FLx4rGFtoQthsN+3azSbsTtQS81O8eFDx6j/x5r 9x2+agrQ8GHu/NMDMvTDlTYNvfRmVpeWV1rbpe29jc2t4x67u3KskkoS5JeCK7IVaUM0FdYMBpN5UUxyGnnXB0OfE791QqlogbGKfUj/FAsIgRDFoKzLoHOAtyD+gjyDi/K4rAbNhNewprkTglaaAS7cD88voJyWIqgHCsVM+xU/BzLIERToualymaYjLCA9rTVOCYKj+fnl5Yh1rpW1EidQmwpurviRzHSo3jUHfGGIZq3puI/3m9DKIzP2cizYAK MlsUZdyCxJrkYPWZpAT4WBNMJNO3WmSIJSag06rpEJz5lxeJe9w8bzrXJ43WRZlGFe2jA3SEHHSKWugKtZGLCHpAz+gVvRlPxovxbnzMWitGObOH/sD4/AHEl5SI</latexit>
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<latexit sha1_base64="7b7dIHRW2VzkxPrU5MGhWjpafBY=">AAACJHicbVBNS8NAEN34bf2KevSyWARPJRFBBQ9FLx4VrBWaUjbbSbt0N4m7E7GE/Bkv/hUvHqx48OJvcfuBqPXBwNv 3ZtiZF6ZSGPS8D2dmdm5+YXFpubSyura+4W5u3Zgk0xxqPJGJvg2ZASliqKFACbepBqZCCfWwdz706/egjUjia+yn0FSsE4tIcIZWarmneYDwgGGUd4uiNX5olStgpihoEJS+/btpv+WWvYo3Ap0m/oSUyQSXLXcQtBOeKYiRS2ZMw/dSbOZMo+ASilKQGUgZ77EONCyNmQLTzEdXFnTPKm0aJdpWjHSk/pzImTKmr0LbqRh2zV9vKP7nNTKMjpu5iNMMIebjj6JMUkzoMDLaFho4yr4lj Gthd6W8yzTjaIMt2RD8vydPk9pB5aTiXx2Wq2eTNJbIDtkl+8QnR6RKLsglqRFOHskzeSUD58l5cd6c93HrjDOZ2Sa/4Hx+AeQPqC4=</latexit><latexit sha1_base64="7b7dIHRW2VzkxPrU5MGhWjpafBY=">AAACJHicbVBNS8NAEN34bf2KevSyWARPJRFBBQ9FLx4VrBWaUjbbSbt0N4m7E7GE/Bkv/hUvHqx48OJvcfuBqPXBwNv 3ZtiZF6ZSGPS8D2dmdm5+YXFpubSyura+4W5u3Zgk0xxqPJGJvg2ZASliqKFACbepBqZCCfWwdz706/egjUjia+yn0FSsE4tIcIZWarmneYDwgGGUd4uiNX5olStgpihoEJS+/btpv+WWvYo3Ap0m/oSUyQSXLXcQtBOeKYiRS2ZMw/dSbOZMo+ASilKQGUgZ77EONCyNmQLTzEdXFnTPKm0aJdpWjHSk/pzImTKmr0LbqRh2zV9vKP7nNTKMjpu5iNMMIebjj6JMUkzoMDLaFho4yr4lj Gthd6W8yzTjaIMt2RD8vydPk9pB5aTiXx2Wq2eTNJbIDtkl+8QnR6RKLsglqRFOHskzeSUD58l5cd6c93HrjDOZ2Sa/4Hx+AeQPqC4=</latexit><latexit sha1_base64="7b7dIHRW2VzkxPrU5MGhWjpafBY=">AAACJHicbVBNS8NAEN34bf2KevSyWARPJRFBBQ9FLx4VrBWaUjbbSbt0N4m7E7GE/Bkv/hUvHqx48OJvcfuBqPXBwNv 3ZtiZF6ZSGPS8D2dmdm5+YXFpubSyura+4W5u3Zgk0xxqPJGJvg2ZASliqKFACbepBqZCCfWwdz706/egjUjia+yn0FSsE4tIcIZWarmneYDwgGGUd4uiNX5olStgpihoEJS+/btpv+WWvYo3Ap0m/oSUyQSXLXcQtBOeKYiRS2ZMw/dSbOZMo+ASilKQGUgZ77EONCyNmQLTzEdXFnTPKm0aJdpWjHSk/pzImTKmr0LbqRh2zV9vKP7nNTKMjpu5iNMMIebjj6JMUkzoMDLaFho4yr4lj Gthd6W8yzTjaIMt2RD8vydPk9pB5aTiXx2Wq2eTNJbIDtkl+8QnR6RKLsglqRFOHskzeSUD58l5cd6c93HrjDOZ2Sa/4Hx+AeQPqC4=</latexit><latexit sha1_base64="7b7dIHRW2VzkxPrU5MGhWjpafBY=">AAACJHicbVBNS8NAEN34bf2KevSyWARPJRFBBQ9FLx4VrBWaUjbbSbt0N4m7E7GE/Bkv/hUvHqx48OJvcfuBqPXBwNv 3ZtiZF6ZSGPS8D2dmdm5+YXFpubSyura+4W5u3Zgk0xxqPJGJvg2ZASliqKFACbepBqZCCfWwdz706/egjUjia+yn0FSsE4tIcIZWarmneYDwgGGUd4uiNX5olStgpihoEJS+/btpv+WWvYo3Ap0m/oSUyQSXLXcQtBOeKYiRS2ZMw/dSbOZMo+ASilKQGUgZ77EONCyNmQLTzEdXFnTPKm0aJdpWjHSk/pzImTKmr0LbqRh2zV9vKP7nNTKMjpu5iNMMIebjj6JMUkzoMDLaFho4yr4lj Gthd6W8yzTjaIMt2RD8vydPk9pB5aTiXx2Wq2eTNJbIDtkl+8QnR6RKLsglqRFOHskzeSUD58l5cd6c93HrjDOZ2Sa/4Hx+AeQPqC4=</latexit>
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<latexit sha1_base64="9VcJlBmTocwQnm4C95ERPB2jx10=">AAAB+nicbVBNS8NAEN34WetXrUcvwSJ4KokI6q3oxWMFYwttKJvtpF262cTdibSE/BUvHlS8+ku8+W/ctjlo64OBx3szzMwLEsE1Os6 3tbK6tr6xWdoqb+/s7u1XDqoPOk4VA4/FIlbtgGoQXIKHHAW0EwU0CgS0gtHN1G89gdI8lvc4ScCP6EDykDOKRupVqlkXYYwqyjBWjynoPO9Vak7dmcFeJm5BaqRAs1f56vZjlkYgkQmqdcd1EvQzqpAzAXm5m2pIKBvRAXQMlTQC7Wez23P7xCh9O4yVKYn2TP09kdFI60kUmM6I4lAvelPxP6+TYnjpZ1wmKYJk80VhKmyM7WkQdp8rYCgmhlCmuLnVZkOqKEMTV9mE4C6+vEy8s/pV3b07rzWuizRK5Igck1PikgvS ILekSTzCyJg8k1fyZuXWi/VufcxbV6xi5pD8gfX5A+vYlTY=</latexit><latexit sha1_base64="9VcJlBmTocwQnm4C95ERPB2jx10=">AAAB+nicbVBNS8NAEN34WetXrUcvwSJ4KokI6q3oxWMFYwttKJvtpF262cTdibSE/BUvHlS8+ku8+W/ctjlo64OBx3szzMwLEsE1Os6 3tbK6tr6xWdoqb+/s7u1XDqoPOk4VA4/FIlbtgGoQXIKHHAW0EwU0CgS0gtHN1G89gdI8lvc4ScCP6EDykDOKRupVqlkXYYwqyjBWjynoPO9Vak7dmcFeJm5BaqRAs1f56vZjlkYgkQmqdcd1EvQzqpAzAXm5m2pIKBvRAXQMlTQC7Wez23P7xCh9O4yVKYn2TP09kdFI60kUmM6I4lAvelPxP6+TYnjpZ1wmKYJk80VhKmyM7WkQdp8rYCgmhlCmuLnVZkOqKEMTV9mE4C6+vEy8s/pV3b07rzWuizRK5Igck1PikgvS ILekSTzCyJg8k1fyZuXWi/VufcxbV6xi5pD8gfX5A+vYlTY=</latexit><latexit sha1_base64="9VcJlBmTocwQnm4C95ERPB2jx10=">AAAB+nicbVBNS8NAEN34WetXrUcvwSJ4KokI6q3oxWMFYwttKJvtpF262cTdibSE/BUvHlS8+ku8+W/ctjlo64OBx3szzMwLEsE1Os6 3tbK6tr6xWdoqb+/s7u1XDqoPOk4VA4/FIlbtgGoQXIKHHAW0EwU0CgS0gtHN1G89gdI8lvc4ScCP6EDykDOKRupVqlkXYYwqyjBWjynoPO9Vak7dmcFeJm5BaqRAs1f56vZjlkYgkQmqdcd1EvQzqpAzAXm5m2pIKBvRAXQMlTQC7Wez23P7xCh9O4yVKYn2TP09kdFI60kUmM6I4lAvelPxP6+TYnjpZ1wmKYJk80VhKmyM7WkQdp8rYCgmhlCmuLnVZkOqKEMTV9mE4C6+vEy8s/pV3b07rzWuizRK5Igck1PikgvS ILekSTzCyJg8k1fyZuXWi/VufcxbV6xi5pD8gfX5A+vYlTY=</latexit><latexit sha1_base64="9VcJlBmTocwQnm4C95ERPB2jx10=">AAAB+nicbVBNS8NAEN34WetXrUcvwSJ4KokI6q3oxWMFYwttKJvtpF262cTdibSE/BUvHlS8+ku8+W/ctjlo64OBx3szzMwLEsE1Os6 3tbK6tr6xWdoqb+/s7u1XDqoPOk4VA4/FIlbtgGoQXIKHHAW0EwU0CgS0gtHN1G89gdI8lvc4ScCP6EDykDOKRupVqlkXYYwqyjBWjynoPO9Vak7dmcFeJm5BaqRAs1f56vZjlkYgkQmqdcd1EvQzqpAzAXm5m2pIKBvRAXQMlTQC7Wez23P7xCh9O4yVKYn2TP09kdFI60kUmM6I4lAvelPxP6+TYnjpZ1wmKYJk80VhKmyM7WkQdp8rYCgmhlCmuLnVZkOqKEMTV9mE4C6+vEy8s/pV3b07rzWuizRK5Igck1PikgvS ILekSTzCyJg8k1fyZuXWi/VufcxbV6xi5pD8gfX5A+vYlTY=</latexit>
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<latexit sha1_base64="z2SwMgJpegcpO4o3uCZL1tpCSuE=">AAACG3icbVA 9SwNBEN3zM8avqKXNYhCswp0Kahe0sYxoTCAXwt5mLlmy98HunBiO+yE2/hUbCxUrwcJ/4+aSIiY+GHi8N8PMPC+WQqNt/1gLi0vLK6uFteL6xubWdmln915HieJQ 55GMVNNjGqQIoY4CJTRjBSzwJDS8wdXIbzyA0iIK73AYQztgvVD4gjM0Uqd04gYM+5zJ9DbrpC7CI6ogVVlGXbeYe56fxlMWZFmnVLYrdg46T5wJKZMJap3Sl9uN eBJAiFwyrVuOHWM7ZQoFl5AV3URDzPiA9aBlaMgC0O00fy6jh0bpUj9SpkKkuTo9kbJA62Hgmc7RuXrWG4n/ea0E/fN2KsI4QQj5eJGfSIoRHSVFu0IBRzk0hHElz K2U95liHE2eRROCM/vyPKkfVy4qzs1puXo5SaNA9skBOSIOOSNVck1qpE44eSIv5I28W8/Wq/VhfY5bF6zJzB75A+v7FzZpo4s=</latexit><latexit sha1_base64="z2SwMgJpegcpO4o3uCZL1tpCSuE=">AAACG3icbVA 9SwNBEN3zM8avqKXNYhCswp0Kahe0sYxoTCAXwt5mLlmy98HunBiO+yE2/hUbCxUrwcJ/4+aSIiY+GHi8N8PMPC+WQqNt/1gLi0vLK6uFteL6xubWdmln915HieJQ 55GMVNNjGqQIoY4CJTRjBSzwJDS8wdXIbzyA0iIK73AYQztgvVD4gjM0Uqd04gYM+5zJ9DbrpC7CI6ogVVlGXbeYe56fxlMWZFmnVLYrdg46T5wJKZMJap3Sl9uN eBJAiFwyrVuOHWM7ZQoFl5AV3URDzPiA9aBlaMgC0O00fy6jh0bpUj9SpkKkuTo9kbJA62Hgmc7RuXrWG4n/ea0E/fN2KsI4QQj5eJGfSIoRHSVFu0IBRzk0hHElz K2U95liHE2eRROCM/vyPKkfVy4qzs1puXo5SaNA9skBOSIOOSNVck1qpE44eSIv5I28W8/Wq/VhfY5bF6zJzB75A+v7FzZpo4s=</latexit><latexit sha1_base64="z2SwMgJpegcpO4o3uCZL1tpCSuE=">AAACG3icbVA 9SwNBEN3zM8avqKXNYhCswp0Kahe0sYxoTCAXwt5mLlmy98HunBiO+yE2/hUbCxUrwcJ/4+aSIiY+GHi8N8PMPC+WQqNt/1gLi0vLK6uFteL6xubWdmln915HieJQ 55GMVNNjGqQIoY4CJTRjBSzwJDS8wdXIbzyA0iIK73AYQztgvVD4gjM0Uqd04gYM+5zJ9DbrpC7CI6ogVVlGXbeYe56fxlMWZFmnVLYrdg46T5wJKZMJap3Sl9uN eBJAiFwyrVuOHWM7ZQoFl5AV3URDzPiA9aBlaMgC0O00fy6jh0bpUj9SpkKkuTo9kbJA62Hgmc7RuXrWG4n/ea0E/fN2KsI4QQj5eJGfSIoRHSVFu0IBRzk0hHElz K2U95liHE2eRROCM/vyPKkfVy4qzs1puXo5SaNA9skBOSIOOSNVck1qpE44eSIv5I28W8/Wq/VhfY5bF6zJzB75A+v7FzZpo4s=</latexit><latexit sha1_base64="z2SwMgJpegcpO4o3uCZL1tpCSuE=">AAACG3icbVA 9SwNBEN3zM8avqKXNYhCswp0Kahe0sYxoTCAXwt5mLlmy98HunBiO+yE2/hUbCxUrwcJ/4+aSIiY+GHi8N8PMPC+WQqNt/1gLi0vLK6uFteL6xubWdmln915HieJQ 55GMVNNjGqQIoY4CJTRjBSzwJDS8wdXIbzyA0iIK73AYQztgvVD4gjM0Uqd04gYM+5zJ9DbrpC7CI6ogVVlGXbeYe56fxlMWZFmnVLYrdg46T5wJKZMJap3Sl9uN eBJAiFwyrVuOHWM7ZQoFl5AV3URDzPiA9aBlaMgC0O00fy6jh0bpUj9SpkKkuTo9kbJA62Hgmc7RuXrWG4n/ea0E/fN2KsI4QQj5eJGfSIoRHSVFu0IBRzk0hHElz K2U95liHE2eRROCM/vyPKkfVy4qzs1puXo5SaNA9skBOSIOOSNVck1qpE44eSIv5I28W8/Wq/VhfY5bF6zJzB75A+v7FzZpo4s=</latexit>
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<latexit sha1_base64="2FrZP7Csk IpZd276SQDetEFDrN4=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW 9OKxgrGFNpTNdtMu3Xy4OxFLyN/w4l/x4kHFa2/+GzdtBNv6YODx3gwz87xYc AWW9W2UlpZXVtfK65WNza3tHXN3715FiaTMoZGIZMsjigkeMgc4CNaKJSOBJ 1jTG17nfvORScWj8A5GMXMD0g+5zykBLXVNqxMQGHh+Osi6aQfYE8ggtbLsBP 8aD7NG16xaNWsCvEjsglRRgUbXHHd6EU0CFgIVRKm2bcXgpkQCp4JllU6iWEz okPRZW9OQBEy56eSzDB9ppYf9SOoKAU/UvxMpCZQaBZ7uzM9V814u/ue1E/Av 3JSHcQIspNNFfiIwRDiPCfe4ZBTESBNCJde3YjogklDQYVZ0CPb8y4vEOa1d1 uzbs2r9qkijjA7QITpGNjpHdXSDGshBFD2jV/SOPowX4834NL6mrSWjmNlHM zDGP3ihog4=</latexit><latexit sha1_base64="2FrZP7Csk IpZd276SQDetEFDrN4=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW 9OKxgrGFNpTNdtMu3Xy4OxFLyN/w4l/x4kHFa2/+GzdtBNv6YODx3gwz87xYc AWW9W2UlpZXVtfK65WNza3tHXN3715FiaTMoZGIZMsjigkeMgc4CNaKJSOBJ 1jTG17nfvORScWj8A5GMXMD0g+5zykBLXVNqxMQGHh+Osi6aQfYE8ggtbLsBP 8aD7NG16xaNWsCvEjsglRRgUbXHHd6EU0CFgIVRKm2bcXgpkQCp4JllU6iWEz okPRZW9OQBEy56eSzDB9ppYf9SOoKAU/UvxMpCZQaBZ7uzM9V814u/ue1E/Av 3JSHcQIspNNFfiIwRDiPCfe4ZBTESBNCJde3YjogklDQYVZ0CPb8y4vEOa1d1 uzbs2r9qkijjA7QITpGNjpHdXSDGshBFD2jV/SOPowX4834NL6mrSWjmNlHM zDGP3ihog4=</latexit><latexit sha1_base64="2FrZP7Csk IpZd276SQDetEFDrN4=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW 9OKxgrGFNpTNdtMu3Xy4OxFLyN/w4l/x4kHFa2/+GzdtBNv6YODx3gwz87xYc AWW9W2UlpZXVtfK65WNza3tHXN3715FiaTMoZGIZMsjigkeMgc4CNaKJSOBJ 1jTG17nfvORScWj8A5GMXMD0g+5zykBLXVNqxMQGHh+Osi6aQfYE8ggtbLsBP 8aD7NG16xaNWsCvEjsglRRgUbXHHd6EU0CFgIVRKm2bcXgpkQCp4JllU6iWEz okPRZW9OQBEy56eSzDB9ppYf9SOoKAU/UvxMpCZQaBZ7uzM9V814u/ue1E/Av 3JSHcQIspNNFfiIwRDiPCfe4ZBTESBNCJde3YjogklDQYVZ0CPb8y4vEOa1d1 uzbs2r9qkijjA7QITpGNjpHdXSDGshBFD2jV/SOPowX4834NL6mrSWjmNlHM zDGP3ihog4=</latexit><latexit sha1_base64="2FrZP7Csk IpZd276SQDetEFDrN4=">AAACGHicbVBNS8NAEN3Ur1q/oh69LBbBg5REBPVW 9OKxgrGFNpTNdtMu3Xy4OxFLyN/w4l/x4kHFa2/+GzdtBNv6YODx3gwz87xYc AWW9W2UlpZXVtfK65WNza3tHXN3715FiaTMoZGIZMsjigkeMgc4CNaKJSOBJ 1jTG17nfvORScWj8A5GMXMD0g+5zykBLXVNqxMQGHh+Osi6aQfYE8ggtbLsBP 8aD7NG16xaNWsCvEjsglRRgUbXHHd6EU0CFgIVRKm2bcXgpkQCp4JllU6iWEz okPRZW9OQBEy56eSzDB9ppYf9SOoKAU/UvxMpCZQaBZ7uzM9V814u/ue1E/Av 3JSHcQIspNNFfiIwRDiPCfe4ZBTESBNCJde3YjogklDQYVZ0CPb8y4vEOa1d1 uzbs2r9qkijjA7QITpGNjpHdXSDGshBFD2jV/SOPowX4834NL6mrSWjmNlHM zDGP3ihog4=</latexit>
Kinplan
Dynplan
<latexit sha1_base64="8+HomgBHwC7k5dJxZwu9/jgPGPc=">AAACJHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEU MFDUQ+ClwrWFppQNttNu3SzCbsTsYT8GS/+FS8erHjw4m9x20bQ1gcDb9+bYWeeHwuuwbY/rcLC4tLySnG1tLa+sblV3t6511GiKGvQSESq5RPNBJesARwEa8WKkdAXrOkPLsd+84EpzSN5B8OYeSHpSR5wSsBInfK5C+wR/CC94TLrp JOXCtNYEJll2HVLP/7VcN7vlCt21Z4AzxMnJxWUo94pj9xuRJOQSaCCaN127Bi8lCjgVLCs5CaaxYQOSI+1DZUkZNpLJ1dm+MAoXRxEypQEPFF/T6Qk1HoY+qYzJNDXs95Y/M9rJxCceimXcQJM0ulHQSIwRHgcGe5yxSiIoSGEKm52x bRPFKFggi2ZEJzZk+dJ46h6VnVujyu1izyNItpD++gQOegE1dA1qqMGougJvaA3NLKerVfr3fqYthasfGYX/YH19Q0m8qe8</latexit><latexit sha1_base64="8+HomgBHwC7k5dJxZwu9/jgPGPc=">AAACJHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEU MFDUQ+ClwrWFppQNttNu3SzCbsTsYT8GS/+FS8erHjw4m9x20bQ1gcDb9+bYWeeHwuuwbY/rcLC4tLySnG1tLa+sblV3t6511GiKGvQSESq5RPNBJesARwEa8WKkdAXrOkPLsd+84EpzSN5B8OYeSHpSR5wSsBInfK5C+wR/CC94TLrp JOXCtNYEJll2HVLP/7VcN7vlCt21Z4AzxMnJxWUo94pj9xuRJOQSaCCaN127Bi8lCjgVLCs5CaaxYQOSI+1DZUkZNpLJ1dm+MAoXRxEypQEPFF/T6Qk1HoY+qYzJNDXs95Y/M9rJxCceimXcQJM0ulHQSIwRHgcGe5yxSiIoSGEKm52x bRPFKFggi2ZEJzZk+dJ46h6VnVujyu1izyNItpD++gQOegE1dA1qqMGougJvaA3NLKerVfr3fqYthasfGYX/YH19Q0m8qe8</latexit><latexit sha1_base64="8+HomgBHwC7k5dJxZwu9/jgPGPc=">AAACJHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEU MFDUQ+ClwrWFppQNttNu3SzCbsTsYT8GS/+FS8erHjw4m9x20bQ1gcDb9+bYWeeHwuuwbY/rcLC4tLySnG1tLa+sblV3t6511GiKGvQSESq5RPNBJesARwEa8WKkdAXrOkPLsd+84EpzSN5B8OYeSHpSR5wSsBInfK5C+wR/CC94TLrp JOXCtNYEJll2HVLP/7VcN7vlCt21Z4AzxMnJxWUo94pj9xuRJOQSaCCaN127Bi8lCjgVLCs5CaaxYQOSI+1DZUkZNpLJ1dm+MAoXRxEypQEPFF/T6Qk1HoY+qYzJNDXs95Y/M9rJxCceimXcQJM0ulHQSIwRHgcGe5yxSiIoSGEKm52x bRPFKFggi2ZEJzZk+dJ46h6VnVujyu1izyNItpD++gQOegE1dA1qqMGougJvaA3NLKerVfr3fqYthasfGYX/YH19Q0m8qe8</latexit><latexit sha1_base64="8+HomgBHwC7k5dJxZwu9/jgPGPc=">AAACJHicbVBNS8NAEN3Ur1q/qh69LBbBU0lEU MFDUQ+ClwrWFppQNttNu3SzCbsTsYT8GS/+FS8erHjw4m9x20bQ1gcDb9+bYWeeHwuuwbY/rcLC4tLySnG1tLa+sblV3t6511GiKGvQSESq5RPNBJesARwEa8WKkdAXrOkPLsd+84EpzSN5B8OYeSHpSR5wSsBInfK5C+wR/CC94TLrp JOXCtNYEJll2HVLP/7VcN7vlCt21Z4AzxMnJxWUo94pj9xuRJOQSaCCaN127Bi8lCjgVLCs5CaaxYQOSI+1DZUkZNpLJ1dm+MAoXRxEypQEPFF/T6Qk1HoY+qYzJNDXs95Y/M9rJxCceimXcQJM0ulHQSIwRHgcGe5yxSiIoSGEKm52x bRPFKFggi2ZEJzZk+dJ46h6VnVujyu1izyNItpD++gQOegE1dA1qqMGougJvaA3NLKerVfr3fqYthasfGYX/YH19Q0m8qe8</latexit>
Kinmeas
Dynmeas
<latexit sha1_base64="QQrcAE0X0QEgQ+jJgb6MaU15jGs=">AAACJHicbVBNSwMxEM36bf2qevQSL IKnsiuCCh5EPQheFKwVuqVk09k2mGSXZFYsy/4ZL/4VLx5UPHjxt5h+CGp9MPDy3gyZeVEqhUXf//AmJqemZ2bn5ksLi0vLK+XVtWubZIZDjScyMTcRsyCFhhoKlHCTGmAqklCPbk/6fv0OjBWJvsJeCk3FOlrEgj N0Uqt8GCLcYxTn50IXrXzwMipXwGxR0DAsffunvXG/Va74VX8AOk6CEamQES5a5dewnfBMgUYumbWNwE+xmTODgksoSmFmIWX8lnWg4ahmCmwzH1xZ0C2ntGmcGFca6UD9OZEzZW1PRa5TMezav15f/M9rZBjvN3 Oh0wxB8+FHcSYpJrQfGW0LAxxlzxHGjXC7Ut5lhnF0wZZcCMHfk8dJbad6UA0udytHx6M05sgG2STbJCB75IickQtSI5w8kCfyQl69R+/Ze/Peh60T3mhmnfyC9/kFFvKnsg==</latexit><latexit sha1_base64="QQrcAE0X0QEgQ+jJgb6MaU15jGs=">AAACJHicbVBNSwMxEM36bf2qevQSL IKnsiuCCh5EPQheFKwVuqVk09k2mGSXZFYsy/4ZL/4VLx5UPHjxt5h+CGp9MPDy3gyZeVEqhUXf//AmJqemZ2bn5ksLi0vLK+XVtWubZIZDjScyMTcRsyCFhhoKlHCTGmAqklCPbk/6fv0OjBWJvsJeCk3FOlrEgj N0Uqt8GCLcYxTn50IXrXzwMipXwGxR0DAsffunvXG/Va74VX8AOk6CEamQES5a5dewnfBMgUYumbWNwE+xmTODgksoSmFmIWX8lnWg4ahmCmwzH1xZ0C2ntGmcGFca6UD9OZEzZW1PRa5TMezav15f/M9rZBjvN3 Oh0wxB8+FHcSYpJrQfGW0LAxxlzxHGjXC7Ut5lhnF0wZZcCMHfk8dJbad6UA0udytHx6M05sgG2STbJCB75IickQtSI5w8kCfyQl69R+/Ze/Peh60T3mhmnfyC9/kFFvKnsg==</latexit><latexit sha1_base64="QQrcAE0X0QEgQ+jJgb6MaU15jGs=">AAACJHicbVBNSwMxEM36bf2qevQSL IKnsiuCCh5EPQheFKwVuqVk09k2mGSXZFYsy/4ZL/4VLx5UPHjxt5h+CGp9MPDy3gyZeVEqhUXf//AmJqemZ2bn5ksLi0vLK+XVtWubZIZDjScyMTcRsyCFhhoKlHCTGmAqklCPbk/6fv0OjBWJvsJeCk3FOlrEgj N0Uqt8GCLcYxTn50IXrXzwMipXwGxR0DAsffunvXG/Va74VX8AOk6CEamQES5a5dewnfBMgUYumbWNwE+xmTODgksoSmFmIWX8lnWg4ahmCmwzH1xZ0C2ntGmcGFca6UD9OZEzZW1PRa5TMezav15f/M9rZBjvN3 Oh0wxB8+FHcSYpJrQfGW0LAxxlzxHGjXC7Ut5lhnF0wZZcCMHfk8dJbad6UA0udytHx6M05sgG2STbJCB75IickQtSI5w8kCfyQl69R+/Ze/Peh60T3mhmnfyC9/kFFvKnsg==</latexit><latexit sha1_base64="QQrcAE0X0QEgQ+jJgb6MaU15jGs=">AAACJHicbVBNSwMxEM36bf2qevQSL IKnsiuCCh5EPQheFKwVuqVk09k2mGSXZFYsy/4ZL/4VLx5UPHjxt5h+CGp9MPDy3gyZeVEqhUXf//AmJqemZ2bn5ksLi0vLK+XVtWubZIZDjScyMTcRsyCFhhoKlHCTGmAqklCPbk/6fv0OjBWJvsJeCk3FOlrEgj N0Uqt8GCLcYxTn50IXrXzwMipXwGxR0DAsffunvXG/Va74VX8AOk6CEamQES5a5dewnfBMgUYumbWNwE+xmTODgksoSmFmIWX8lnWg4ahmCmwzH1xZ0C2ntGmcGFca6UD9OZEzZW1PRa5TMezav15f/M9rZBjvN3 Oh0wxB8+FHcSYpJrQfGW0LAxxlzxHGjXC7Ut5lhnF0wZZcCMHfk8dJbad6UA0udytHx6M05sgG2STbJCB75IickQtSI5w8kCfyQl69R+/Ze/Peh60T3mhmnfyC9/kFFvKnsg==</latexit>
Kin0
Dyn0
<latexit sha1_base64="VBEMZH32dRQDesdbvG jwHyz+xek=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwVRIRH7uiLgQ3FawtNKFMppN26GQSZm7EEvI nbvwVNy5UBFf6N07bCNp64MKZc+5l7j1+LLgG2/6yCnPzC4tLxeXSyura+kZ5c+tWR4mirEEjEamWTzQ TXLIGcBCsFStGQl+wpj84H/nNO6Y0j+QNDGPmhaQnecApASN1ykcusHvwg/SKy6yTjl8qTO0sw65b+j EvhlNmp1yxq/YYeJY4OamgHPVO+cPtRjQJmQQqiNZtx47BS4kCTgXLSm6iWUzogPRY21BJQqa9dHxfh veM0sVBpExJwGP190RKQq2HoW86QwJ9Pe2NxP+8dgLBiZdyGSfAJJ18FCQCQ4RHYeEuV4yCGBpCqOJm V0z7RBEKJtKSCcGZPnmWNA6qp1Xn+rBSO8vTKKIdtIv2kYOOUQ1dojpqIIoe0BN6Qa/Wo/VsvVnvk9aC lc9soz+wPr8BN1ukig==</latexit><latexit sha1_base64="VBEMZH32dRQDesdbvG jwHyz+xek=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwVRIRH7uiLgQ3FawtNKFMppN26GQSZm7EEvI nbvwVNy5UBFf6N07bCNp64MKZc+5l7j1+LLgG2/6yCnPzC4tLxeXSyura+kZ5c+tWR4mirEEjEamWTzQ TXLIGcBCsFStGQl+wpj84H/nNO6Y0j+QNDGPmhaQnecApASN1ykcusHvwg/SKy6yTjl8qTO0sw65b+j EvhlNmp1yxq/YYeJY4OamgHPVO+cPtRjQJmQQqiNZtx47BS4kCTgXLSm6iWUzogPRY21BJQqa9dHxfh veM0sVBpExJwGP190RKQq2HoW86QwJ9Pe2NxP+8dgLBiZdyGSfAJJ18FCQCQ4RHYeEuV4yCGBpCqOJm V0z7RBEKJtKSCcGZPnmWNA6qp1Xn+rBSO8vTKKIdtIv2kYOOUQ1dojpqIIoe0BN6Qa/Wo/VsvVnvk9aC lc9soz+wPr8BN1ukig==</latexit><latexit sha1_base64="VBEMZH32dRQDesdbvG jwHyz+xek=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwVRIRH7uiLgQ3FawtNKFMppN26GQSZm7EEvI nbvwVNy5UBFf6N07bCNp64MKZc+5l7j1+LLgG2/6yCnPzC4tLxeXSyura+kZ5c+tWR4mirEEjEamWTzQ TXLIGcBCsFStGQl+wpj84H/nNO6Y0j+QNDGPmhaQnecApASN1ykcusHvwg/SKy6yTjl8qTO0sw65b+j EvhlNmp1yxq/YYeJY4OamgHPVO+cPtRjQJmQQqiNZtx47BS4kCTgXLSm6iWUzogPRY21BJQqa9dHxfh veM0sVBpExJwGP190RKQq2HoW86QwJ9Pe2NxP+8dgLBiZdyGSfAJJ18FCQCQ4RHYeEuV4yCGBpCqOJm V0z7RBEKJtKSCcGZPnmWNA6qp1Xn+rBSO8vTKKIdtIv2kYOOUQ1dojpqIIoe0BN6Qa/Wo/VsvVnvk9aC lc9soz+wPr8BN1ukig==</latexit><latexit sha1_base64="VBEMZH32dRQDesdbvG jwHyz+xek=">AAACHnicbVDLSsNAFJ3UV62vqks3g0VwVRIRH7uiLgQ3FawtNKFMppN26GQSZm7EEvI nbvwVNy5UBFf6N07bCNp64MKZc+5l7j1+LLgG2/6yCnPzC4tLxeXSyura+kZ5c+tWR4mirEEjEamWTzQ TXLIGcBCsFStGQl+wpj84H/nNO6Y0j+QNDGPmhaQnecApASN1ykcusHvwg/SKy6yTjl8qTO0sw65b+j EvhlNmp1yxq/YYeJY4OamgHPVO+cPtRjQJmQQqiNZtx47BS4kCTgXLSm6iWUzogPRY21BJQqa9dHxfh veM0sVBpExJwGP190RKQq2HoW86QwJ9Pe2NxP+8dgLBiZdyGSfAJJ18FCQCQ4RHYeEuV4yCGBpCqOJm V0z7RBEKJtKSCcGZPnmWNA6qp1Xn+rBSO8vTKKIdtIv2kYOOUQ1dojpqIIoe0BN6Qa/Wo/VsvVnvk9aC lc9soz+wPr8BN1ukig==</latexit>
Cntse
Surfr<latexit sha1_base64="IP1BoWH/7mLz+klvXB4LI/1BcGI=">AAACIHicbVBNS8NAEN34bf2qevSy WARPJRHBeit68VjRqtCEstlO7NLNJuxOxBLyV7z4V7x4UNGb/hq3bQS/Hgy8fW+GnXlhKoVB1313pqZnZufmFxYrS8srq2vV9Y0Lk2SaQ5snMtFXITMghYI2CpRwlWpgcSjhMhwcj/zLG9BGJOochykEMbtWIhK coZW61YaPcIthlB8rNEU3Hz91nENRUN+vfLlnmY6+ubooutWaW3fHoH+JV5IaKdHqVt/8XsKzGBRyyYzpeG6KQc40Ci6hqPiZgZTxAbuGjqWKxWCCfHxhQXes0qNRom0ppGP1+0TOYmOGcWg7Y4Z989sbif95nQ yjRpALlWYIik8+ijJJMaGjuGhPaOAoh5YwroXdlfI+04yjDbViQ/B+n/yXtPfqh3XvdL/WPCrTWCBbZJvsEo8ckCY5IS3SJpzckQfyRJ6de+fReXFeJ61TTjmzSX7A+fgEz+WmAA==</latexit><latexit sha1_base64="IP1BoWH/7mLz+klvXB4LI/1BcGI=">AAACIHicbVBNS8NAEN34bf2qevSy WARPJRHBeit68VjRqtCEstlO7NLNJuxOxBLyV7z4V7x4UNGb/hq3bQS/Hgy8fW+GnXlhKoVB1313pqZnZufmFxYrS8srq2vV9Y0Lk2SaQ5snMtFXITMghYI2CpRwlWpgcSjhMhwcj/zLG9BGJOochykEMbtWIhK coZW61YaPcIthlB8rNEU3Hz91nENRUN+vfLlnmY6+ubooutWaW3fHoH+JV5IaKdHqVt/8XsKzGBRyyYzpeG6KQc40Ci6hqPiZgZTxAbuGjqWKxWCCfHxhQXes0qNRom0ppGP1+0TOYmOGcWg7Y4Z989sbif95nQ yjRpALlWYIik8+ijJJMaGjuGhPaOAoh5YwroXdlfI+04yjDbViQ/B+n/yXtPfqh3XvdL/WPCrTWCBbZJvsEo8ckCY5IS3SJpzckQfyRJ6de+fReXFeJ61TTjmzSX7A+fgEz+WmAA==</latexit><latexit sha1_base64="IP1BoWH/7mLz+klvXB4LI/1BcGI=">AAACIHicbVBNS8NAEN34bf2qevSy WARPJRHBeit68VjRqtCEstlO7NLNJuxOxBLyV7z4V7x4UNGb/hq3bQS/Hgy8fW+GnXlhKoVB1313pqZnZufmFxYrS8srq2vV9Y0Lk2SaQ5snMtFXITMghYI2CpRwlWpgcSjhMhwcj/zLG9BGJOochykEMbtWIhK coZW61YaPcIthlB8rNEU3Hz91nENRUN+vfLlnmY6+ubooutWaW3fHoH+JV5IaKdHqVt/8XsKzGBRyyYzpeG6KQc40Ci6hqPiZgZTxAbuGjqWKxWCCfHxhQXes0qNRom0ppGP1+0TOYmOGcWg7Y4Z989sbif95nQ yjRpALlWYIik8+ijJJMaGjuGhPaOAoh5YwroXdlfI+04yjDbViQ/B+n/yXtPfqh3XvdL/WPCrTWCBbZJvsEo8ckCY5IS3SJpzckQfyRJ6de+fReXFeJ61TTjmzSX7A+fgEz+WmAA==</latexit><latexit sha1_base64="IP1BoWH/7mLz+klvXB4LI/1BcGI=">AAACIHicbVBNS8NAEN34bf2qevSy WARPJRHBeit68VjRqtCEstlO7NLNJuxOxBLyV7z4V7x4UNGb/hq3bQS/Hgy8fW+GnXlhKoVB1313pqZnZufmFxYrS8srq2vV9Y0Lk2SaQ5snMtFXITMghYI2CpRwlWpgcSjhMhwcj/zLG9BGJOochykEMbtWIhK coZW61YaPcIthlB8rNEU3Hz91nENRUN+vfLlnmY6+ubooutWaW3fHoH+JV5IaKdHqVt/8XsKzGBRyyYzpeG6KQc40Ci6hqPiZgZTxAbuGjqWKxWCCfHxhQXes0qNRom0ppGP1+0TOYmOGcWg7Y4Z989sbif95nQ yjRpALlWYIik8+ijJJMaGjuGhPaOAoh5YwroXdlfI+04yjDbViQ/B+n/yXtPfqh3XvdL/WPCrTWCBbZJvsEo8ckCY5IS3SJpzckQfyRJ6de+fReXFeJ61TTjmzSX7A+fgEz+WmAA==</latexit>
Kino-Dynamic 
Optimisation and 
Stabilisation
Contacts 
Optimisation 
Robot 
Hierarchical 
Inverse 
Dynamics 
Estimation 
⌧j
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Figure 5: Control diagram highlighting inputs and outputs to each stage, and colored parts
of the equations of motion used at each stage. For instance, to optimize contacts
only a dynamics model is used (red color), while for whole-body optimization, a
full kino-dynamic centroidal momentum dynamics model is used (red and green
colors). In addition, actuation limits could be included (yellow box).
• It shows that by exploiting the problem’s mathematical structure (Fig. 1), this
formulation can be used in a kino-dynamic approach to generate whole-body
motions, it can also include actuation limit constraints, as well as it can be
used in a mixed-integer solver to select contact locations based on a measure
of dynamical robustness.
• The capabilities and limitations of the algorithm are evaluated using a physical
simulator where a humanoid robot traverses several multi-contact scenarios.
To sum up, the algorithm is capable of selecting contact locations over a discrete
set of terrain surfaces using a measure of dynamical robustness. It is capable
of generating whole-body time-optimal motions that satisfy actuation limits (if
required) by exploiting the problem mathematical structure to render it tractable
and very efficiently solvable.
The remainder of this chapter is structured as follows: Section 3.2 details the
motion optimization approach to solve problem 4 presented in the background
introduction section 1.6, based on convex relaxations of its nonconvexities. Section
3.3 presents a formulation for the efficient planning of dynamically consistent
contact sequences. Finally, experimental results on a physical simulator are shown
in section 3.4 and conclusions in section 3.6.
3.2 optimization of dynamic motion plans
This section presents a method to optimize motion plans based on an analytical
decomposition of nonconvex bilinear expressions as a difference of convex functions,
whose known curvature can be exploited to design efficient iterative convex approx-
imations. The remainder of this section will analyze the nature of the nonconvexities
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Figure 6: Decomposition of bilinear form ai · bi into a difference of quadratic expressions ai ·
bi = s(·)− r(·), where s(·) = 14 ‖ai + bi‖2 and r(·) = 14 ‖ai − bi‖2 are quadratic
functions ∈ Q+ (i.e. its quadratic parameter matrices are positive semi-definite).
of problem (4), propose two convex relaxations to approximate them and, detail the
numerical optimization procedures and its convergence criteria.
3.2.0.1 Bilinear Terms as Difference of Convex Functions
Some constraints in problem (4) are affine (4e)-(4g) or second-order cones (SOC)
(4h)-(4i) and thus convex; others however describe nonconvex constraints such
as the momentum dynamics evolution when considering variable timesteps (4b)
or torque cross products (4c)-(4d), and are thus nonconvex. In the following its
common nature is made clear and its reformulation is presented, in a way that is
more amenable for its approximation using iterative convex models.
The torque cross product `× f between a length (pe − r in equation (4c) or Rx,ye ze
in equation (4d)) and the force fe,t can be written in the following way:
`× f =
 0 −`z `y`z 0 −`x
−`y `x 0

fxfy
fz

=
[ aTx︷ ︸︸ ︷[
−`z `y
] bx︷︸︸︷[fy
fz
]
,
aTy︷ ︸︸ ︷[
`z −`x
] by︷︸︸︷[fx
fz
]
,
aTz︷ ︸︸ ︷[
−`y `x
] bz︷︸︸︷[fx
fy
]]
It is possible to see that each term is a scalar product ai · bi between two vectors
composed by elements of ` and f. Similarly, notice that the nonconvexities in (4b)
can be written as scalar products between the timestep ∆ and linear momentum l,
contact forces fe,t or torque variables κe,t. It means that all nonconvex constraints
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solely include equality constraints with bilinear terms. Thus, in the following a
reformulation of bilinear expressions in terms of mathematical expressions with
known curvature is presented (in the spirit of [150, 151]), as performed in [79] as a
difference of convex quadratic functions [152].
Difference of Convex Quadratic Functions Q±
Let V be a real vector space. The set Q± is then
Q±(u) =
{
V → R | ∃ s(·), r(·) ∈ Q+(quadratic func.)
Q±(u) = s(u)− r(u) ∀u ∈ V
}
(6)
where Q+ is the set of quadratic functions whose quadratic parameter matri-
ces are positive semi-definite. The set Q± is closed under scalar multiplication,
addition and composition with affine functions A(·):
(λ(s ◦ v) + β(r ◦w)) ∈ Q±
∀s(·), r(·) ∈ Q+; v(·), w(·) ∈ A; λ, β ∈ K
Figure 6 shows an example of a bilinear form ai · bi (in blue) analytically de-
composed as the difference of the quadratic functions 14 ‖ai + bi‖2 (in red) and
1
4 ‖ai − bi‖2 (in green). By using this tool, it is possible to decompose a bilinear
term with an indefinite curvature into a difference of quadratic terms with known
curvature, which is key for the efficiency of the proposed algorithm.
Let’s consider e.g. equation (4d) and assume for simplicity that Rx,ye,t ze,t × fe,t is
represented by the decomposition `× f, then each endeffector torque component
becomes γie,t = a
T
i bi + (R
z
e,tτe,t)
i. The torque component τe,t can be formulated as a
difference of positive components τ+e,t − τ−e,t, as in [29]. Then, γie,t can be written as:
γie,t =
∈Q±︷ ︸︸ ︷[
1
4
‖ai + bi‖2 + (Rze,t)iτ+e,t
]
︸ ︷︷ ︸
∈Q+
−
[
1
4
‖ai − bi‖2 + (Rze,t)iτ−e,t
]
︸ ︷︷ ︸
∈Q+
(8)
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In a similar manner, each endeffector torque component κie,t (4c), can be decomposed
parameterizing its cross product (pe − r) × fe with vectors ci and di as κie,t =
cTi di + γ
i
e,t. Then, the endeffector torque component κ
i
e,t can be written as:
κie,t =
∈Q±︷ ︸︸ ︷
∈Q±︷ ︸︸ ︷[
1
4
‖ci + di‖2
]
︸ ︷︷ ︸
∈Q+
−
[
1
4
‖ci − di‖2
]
︸ ︷︷ ︸
∈Q+
+
∈Q±︷︸︸︷
γie,t (9)
A similar analysis holds for each of the cartesian components of the bilinear ex-
pressions within the dynamic constraints (4b), which can be decomposed into a
difference of convex functions as elements of Q± in the following way:
lit∆t =
1
4
∥∥∥lit + ∆t∥∥∥2 − 14 ∥∥∥lit − ∆t∥∥∥2 (10a)(
∑
e
ˇie,t
)
∆t =
1
4
∥∥∥∥∥∑e ˇie,t + ∆t
∥∥∥∥∥
2
− 1
4
∥∥∥∥∥∑e ˇie,t − ∆t
∥∥∥∥∥
2
(10b)
(
∑
e
f ie,t
)
∆t =
1
4
∥∥∥∥∥∑e f ie,t + ∆t
∥∥∥∥∥
2
− 1
4
∥∥∥∥∥∑e f ie,t − ∆t
∥∥∥∥∥
2
(10c)
The next section shows how the quadratic expressions Q+ (in which the bilinear
terms have been decomposed) can be efficiently approximated using sequential con-
vex relaxations that exploit the curvature knowledge of the quadratic expressions.
3.2.0.2 Sequential Convex Approximation of Quadratic Terms
In this section, the known curvature of the quadratic terms Q+ is used to build its
approximation. First, they are isolated via a change of variables, e.g. equation (8)
can be written as (note that the method is valid for any Q± such as (9)-(10)):
a¯i = ‖ai + bi‖2 , b¯i = ‖ai − bi‖2 (11a)
γie,t =
[
1
4
a¯i + (Rze,t)
iτ+e,t
]
−
[
1
4
b¯i + (Rze,t)
iτ−e,t
]
(11b)
where the introduction of the variables a¯i, b¯i ∈ R allowed to isolate the nonconvex
expressions with known curvature (11a) from its original equation, which is now
linear (11b). There are now two additional variables and constraints, but with the
difference and benefit that each nonconvex constraint from the original problem
can now be written in the very simple form of equation (11a), which will allow to
find efficient sequential convex approximations.
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= ⋂
a¯i = ||ai + bi||2
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a¯i  ||ai + bi||2
<latexit sha1_base64="tqfEKfS59Na9ar/Mjui4w5locCE=">AAACPXicbZBLS8NAFIUn9VXrK+rSzWARBKEkRVB3RTcuKxhbaGqYTCft0MnDmYlQkvw yN/4Gdy7duFBx69ZJGkRbLwwczncvc+9xI0aFNIxnrbKwuLS8Ul2tra1vbG7p2zs3Iow5JhYOWci7LhKE0YBYkkpGuhEnyHcZ6bjji5x37gkXNAyu5SQifR8NA+pRjKSyHN2yXcQTlDmJ7SM54n5CswzajNzBNIWF53pz/OiHuDMkTW+TZubodaNhFAXnhVmKOiir7ehP9iDEsU8CiRkSomcakewniEuKGclqdixIhPAYD UlPyQD5RPST4vwMHihnAL2QqxdIWLi/JxLkCzHxXdWZbypmWW7+x3qx9E77CQ2iWJIATz/yYgZlCPMs4YBygiWbKIEwp2pXiEeIIyxV4jUVgjl78rywmo2zhnl1XG+dl2lUwR7YB4fABCegBS5BG1gAgwfwAt7Au/aovWof2ue0taKVM7vgT2lf329AseI=</latexit><latexit sha1_base64="tqfEKfS59Na9ar/Mjui4w5locCE=">AAACPXicbZBLS8NAFIUn9VXrK+rSzWARBKEkRVB3RTcuKxhbaGqYTCft0MnDmYlQkvw yN/4Gdy7duFBx69ZJGkRbLwwczncvc+9xI0aFNIxnrbKwuLS8Ul2tra1vbG7p2zs3Iow5JhYOWci7LhKE0YBYkkpGuhEnyHcZ6bjji5x37gkXNAyu5SQifR8NA+pRjKSyHN2yXcQTlDmJ7SM54n5CswzajNzBNIWF53pz/OiHuDMkTW+TZubodaNhFAXnhVmKOiir7ehP9iDEsU8CiRkSomcakewniEuKGclqdixIhPAYD UlPyQD5RPST4vwMHihnAL2QqxdIWLi/JxLkCzHxXdWZbypmWW7+x3qx9E77CQ2iWJIATz/yYgZlCPMs4YBygiWbKIEwp2pXiEeIIyxV4jUVgjl78rywmo2zhnl1XG+dl2lUwR7YB4fABCegBS5BG1gAgwfwAt7Au/aovWof2ue0taKVM7vgT2lf329AseI=</latexit><latexit sha1_base64="tqfEKfS59Na9ar/Mjui4w5locCE=">AAACPXicbZBLS8NAFIUn9VXrK+rSzWARBKEkRVB3RTcuKxhbaGqYTCft0MnDmYlQkvw yN/4Gdy7duFBx69ZJGkRbLwwczncvc+9xI0aFNIxnrbKwuLS8Ul2tra1vbG7p2zs3Iow5JhYOWci7LhKE0YBYkkpGuhEnyHcZ6bjji5x37gkXNAyu5SQifR8NA+pRjKSyHN2yXcQTlDmJ7SM54n5CswzajNzBNIWF53pz/OiHuDMkTW+TZubodaNhFAXnhVmKOiir7ehP9iDEsU8CiRkSomcakewniEuKGclqdixIhPAYD UlPyQD5RPST4vwMHihnAL2QqxdIWLi/JxLkCzHxXdWZbypmWW7+x3qx9E77CQ2iWJIATz/yYgZlCPMs4YBygiWbKIEwp2pXiEeIIyxV4jUVgjl78rywmo2zhnl1XG+dl2lUwR7YB4fABCegBS5BG1gAgwfwAt7Au/aovWof2ue0taKVM7vgT2lf329AseI=</latexit><latexit sha1_base64="tqfEKfS59Na9ar/Mjui4w5locCE=">AAACPXicbZBLS8NAFIUn9VXrK+rSzWARBKEkRVB3RTcuKxhbaGqYTCft0MnDmYlQkvw yN/4Gdy7duFBx69ZJGkRbLwwczncvc+9xI0aFNIxnrbKwuLS8Ul2tra1vbG7p2zs3Iow5JhYOWci7LhKE0YBYkkpGuhEnyHcZ6bjji5x37gkXNAyu5SQifR8NA+pRjKSyHN2yXcQTlDmJ7SM54n5CswzajNzBNIWF53pz/OiHuDMkTW+TZubodaNhFAXnhVmKOiir7ehP9iDEsU8CiRkSomcakewniEuKGclqdixIhPAYD UlPyQD5RPST4vwMHihnAL2QqxdIWLi/JxLkCzHxXdWZbypmWW7+x3qx9E77CQ2iWJIATz/yYgZlCPMs4YBygiWbKIEwp2pXiEeIIyxV4jUVgjl78rywmo2zhnl1XG+dl2lUwR7YB4fABCegBS5BG1gAgwfwAt7Au/aovWof2ue0taKVM7vgT2lf329AseI=</latexit>
Convex
<latexit sha1_base64="V9cHGDh3McXYwYr78iG1T+M96mo=">AAAB93ic bVDLSgMxFM3UV62Pjrp0EyyCqzIjgrorduOygmML7VAyaaYNzWNIMsU69EvcuFBx66+482/MtLPQ1gOBwzn3ck9OlDCqjed9O6W19Y3NrfJ2ZWd3b7/qHhw +aJkqTAIsmVSdCGnCqCCBoYaRTqII4hEj7WjczP32hChNpbg304SEHA0FjSlGxkp9t9rjyIwUz5pSTMjjrO/WvLo3B1wlfkFqoECr7371BhKnnAiDGdK663 uJCTOkDMWMzCq9VJME4TEakq6lAnGiw2wefAZPrTKAsVT2CQPn6u+NDHGtpzyyk3lMvezl4n9eNzXxVZhRkaSGCLw4FKcMGgnzFuCAKoINm1qCsKI2K8Qjp BA2tquKLcFf/vIqCc7r13X/7qLWuCnaKINjcALOgA8uQQPcghYIAAYpeAav4M15cl6cd+djMVpyip0j8AfO5w/Si5Nl</latexit><latexit sha1_base64="V9cHGDh3McXYwYr78iG1T+M96mo=">AAAB93ic bVDLSgMxFM3UV62Pjrp0EyyCqzIjgrorduOygmML7VAyaaYNzWNIMsU69EvcuFBx66+482/MtLPQ1gOBwzn3ck9OlDCqjed9O6W19Y3NrfJ2ZWd3b7/qHhw +aJkqTAIsmVSdCGnCqCCBoYaRTqII4hEj7WjczP32hChNpbg304SEHA0FjSlGxkp9t9rjyIwUz5pSTMjjrO/WvLo3B1wlfkFqoECr7371BhKnnAiDGdK663 uJCTOkDMWMzCq9VJME4TEakq6lAnGiw2wefAZPrTKAsVT2CQPn6u+NDHGtpzyyk3lMvezl4n9eNzXxVZhRkaSGCLw4FKcMGgnzFuCAKoINm1qCsKI2K8Qjp BA2tquKLcFf/vIqCc7r13X/7qLWuCnaKINjcALOgA8uQQPcghYIAAYpeAav4M15cl6cd+djMVpyip0j8AfO5w/Si5Nl</latexit><latexit sha1_base64="V9cHGDh3McXYwYr78iG1T+M96mo=">AAAB93ic bVDLSgMxFM3UV62Pjrp0EyyCqzIjgrorduOygmML7VAyaaYNzWNIMsU69EvcuFBx66+482/MtLPQ1gOBwzn3ck9OlDCqjed9O6W19Y3NrfJ2ZWd3b7/qHhw +aJkqTAIsmVSdCGnCqCCBoYaRTqII4hEj7WjczP32hChNpbg304SEHA0FjSlGxkp9t9rjyIwUz5pSTMjjrO/WvLo3B1wlfkFqoECr7371BhKnnAiDGdK663 uJCTOkDMWMzCq9VJME4TEakq6lAnGiw2wefAZPrTKAsVT2CQPn6u+NDHGtpzyyk3lMvezl4n9eNzXxVZhRkaSGCLw4FKcMGgnzFuCAKoINm1qCsKI2K8Qjp BA2tquKLcFf/vIqCc7r13X/7qLWuCnaKINjcALOgA8uQQPcghYIAAYpeAav4M15cl6cd+djMVpyip0j8AfO5w/Si5Nl</latexit><latexit sha1_base64="V9cHGDh3McXYwYr78iG1T+M96mo=">AAAB93ic bVDLSgMxFM3UV62Pjrp0EyyCqzIjgrorduOygmML7VAyaaYNzWNIMsU69EvcuFBx66+482/MtLPQ1gOBwzn3ck9OlDCqjed9O6W19Y3NrfJ2ZWd3b7/qHhw +aJkqTAIsmVSdCGnCqCCBoYaRTqII4hEj7WjczP32hChNpbg304SEHA0FjSlGxkp9t9rjyIwUz5pSTMjjrO/WvLo3B1wlfkFqoECr7371BhKnnAiDGdK663 uJCTOkDMWMzCq9VJME4TEakq6lAnGiw2wefAZPrTKAsVT2CQPn6u+NDHGtpzyyk3lMvezl4n9eNzXxVZhRkaSGCLw4FKcMGgnzFuCAKoINm1qCsKI2K8Qjp BA2tquKLcFf/vIqCc7r13X/7qLWuCnaKINjcALOgA8uQQPcghYIAAYpeAav4M15cl6cd+djMVpyip0j8AfO5w/Si5Nl</latexit>
Nonconvex
<latexit sha1_base64="0No0zkIogsfR+93lc2F9JOncOB4=">AAAB+nicbVDLSgMxFM3UV62vsS7dBIvgqsyIoO6KblxJBccW2qFk0rQNzWNIMqVlmF9 x40LFrV/izr8x085CWw8EDufcyz05UcyoNp737ZTW1jc2t8rblZ3dvf0D97D6pGWiMAmwZFK1I6QJo4IEhhpG2rEiiEeMtKLxbe63JkRpKsWjmcUk5Ggo6IBiZKzUc6tdjsxI8fReCizFhEyznlvz6t4ccJX4BamBAs2e+9XtS5xwIgxmSOuO78UmTJEyFDOSVbqJJjHCYzQkHUsF4kSH6Tx7Bk+t0ocDqewTBs7V3xsp4 lrPeGQn86R62cvF/7xOYgZXYUpFnBgi8OLQIGHQSJgXAftUEWzYzBKEFbVZIR4hhbCxdVVsCf7yl1dJcF6/rvsPF7XGTdFGGRyDE3AGfHAJGuAONEEAMJiCZ/AK3pzMeXHenY/FaMkpdo7AHzifP0qRlM4=</latexit><latexit sha1_base64="0No0zkIogsfR+93lc2F9JOncOB4=">AAAB+nicbVDLSgMxFM3UV62vsS7dBIvgqsyIoO6KblxJBccW2qFk0rQNzWNIMqVlmF9 x40LFrV/izr8x085CWw8EDufcyz05UcyoNp737ZTW1jc2t8rblZ3dvf0D97D6pGWiMAmwZFK1I6QJo4IEhhpG2rEiiEeMtKLxbe63JkRpKsWjmcUk5Ggo6IBiZKzUc6tdjsxI8fReCizFhEyznlvz6t4ccJX4BamBAs2e+9XtS5xwIgxmSOuO78UmTJEyFDOSVbqJJjHCYzQkHUsF4kSH6Tx7Bk+t0ocDqewTBs7V3xsp4 lrPeGQn86R62cvF/7xOYgZXYUpFnBgi8OLQIGHQSJgXAftUEWzYzBKEFbVZIR4hhbCxdVVsCf7yl1dJcF6/rvsPF7XGTdFGGRyDE3AGfHAJGuAONEEAMJiCZ/AK3pzMeXHenY/FaMkpdo7AHzifP0qRlM4=</latexit><latexit sha1_base64="0No0zkIogsfR+93lc2F9JOncOB4=">AAAB+nicbVDLSgMxFM3UV62vsS7dBIvgqsyIoO6KblxJBccW2qFk0rQNzWNIMqVlmF9 x40LFrV/izr8x085CWw8EDufcyz05UcyoNp737ZTW1jc2t8rblZ3dvf0D97D6pGWiMAmwZFK1I6QJo4IEhhpG2rEiiEeMtKLxbe63JkRpKsWjmcUk5Ggo6IBiZKzUc6tdjsxI8fReCizFhEyznlvz6t4ccJX4BamBAs2e+9XtS5xwIgxmSOuO78UmTJEyFDOSVbqJJjHCYzQkHUsF4kSH6Tx7Bk+t0ocDqewTBs7V3xsp4 lrPeGQn86R62cvF/7xOYgZXYUpFnBgi8OLQIGHQSJgXAftUEWzYzBKEFbVZIR4hhbCxdVVsCf7yl1dJcF6/rvsPF7XGTdFGGRyDE3AGfHAJGuAONEEAMJiCZ/AK3pzMeXHenY/FaMkpdo7AHzifP0qRlM4=</latexit><latexit sha1_base64="0No0zkIogsfR+93lc2F9JOncOB4=">AAAB+nicbVDLSgMxFM3UV62vsS7dBIvgqsyIoO6KblxJBccW2qFk0rQNzWNIMqVlmF9 x40LFrV/izr8x085CWw8EDufcyz05UcyoNp737ZTW1jc2t8rblZ3dvf0D97D6pGWiMAmwZFK1I6QJo4IEhhpG2rEiiEeMtKLxbe63JkRpKsWjmcUk5Ggo6IBiZKzUc6tdjsxI8fReCizFhEyznlvz6t4ccJX4BamBAs2e+9XtS5xwIgxmSOuO78UmTJEyFDOSVbqJJjHCYzQkHUsF4kSH6Tx7Bk+t0ocDqewTBs7V3xsp4 lrPeGQn86R62cvF/7xOYgZXYUpFnBgi8OLQIGHQSJgXAftUEWzYzBKEFbVZIR4hhbCxdVVsCf7yl1dJcF6/rvsPF7XGTdFGGRyDE3AGfHAJGuAONEEAMJiCZ/AK3pzMeXHenY/FaMkpdo7AHzifP0qRlM4=</latexit>
(a) A nonconvex quadratic equality constraint can be regarded as the intersection of a convex
and a nonconvex quadratic inequality constraint. The algorithms presented in this chapter
use only the convex space or constraint and a heuristic to guide solutions towards its
boundary, such that it becomes feasible for the original constraint.
Q(p)  a¯i
<latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit>
Q(pval) +rQ(p)|pval · (p  pval) +     a¯i
<latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit>
 
<latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit>
Q(p)  a¯i
<latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit >
Q(pval) +rQ(p)|pval · (p  pval)
<latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDN SgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4 RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwr jDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuD NG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="uO0A6Zn4vhoaLQX3gZMbosO7fAM=">AAACbnicdZFN S8NAEIY38avWr+hVhKWitool8aLeBC8eW7BWaEqZbDft0s0m7G4KJeZH+Ne8+Uu8eHCb9lBtHVh4eGeGmX0nSDhT2nU/LXttfWNzq7Rd3tnd2z9wDndfVJxKQlsk5rF8 DUBRzgRtaaY5fU0khSjgtB2MHqf59phKxWLxrCcJ7UYwECxkBLSRes67H4EeEuBZM68WHIRZkveygmWUjYHneQ1fYV9AwAGvrq+9zTtWdefYJ/1Y44X66/9H9ZxTt+4W gZfBm8Mpmkej53z4/ZikERWacFCq47mJ7mYgNSOc5mU/VTQBMoIB7RgUEFHVzQrrcnxmlD4OY2me0LhQFzsyiJSaRIGpnG6p/uam4qpcJ9XhXTdjIkk1FWQ2KEw51jG e3gH3maRE84kBIJKZXTEZggSizbXKxgTv75eXoXVTv697TReV0DGqoCry0C16QE+ogVqIoC/rxDq3Lqxvu2JXZ27Z1ty2I/Qr7Msf37bD2g==</latexit><latexit sha1_base64="uO0A6Zn4vhoaLQX3gZMbosO7fAM=">AAACbnicdZFN S8NAEIY38avWr+hVhKWitool8aLeBC8eW7BWaEqZbDft0s0m7G4KJeZH+Ne8+Uu8eHCb9lBtHVh4eGeGmX0nSDhT2nU/LXttfWNzq7Rd3tnd2z9wDndfVJxKQlsk5rF8 DUBRzgRtaaY5fU0khSjgtB2MHqf59phKxWLxrCcJ7UYwECxkBLSRes67H4EeEuBZM68WHIRZkveygmWUjYHneQ1fYV9AwAGvrq+9zTtWdefYJ/1Y44X66/9H9ZxTt+4W gZfBm8Mpmkej53z4/ZikERWacFCq47mJ7mYgNSOc5mU/VTQBMoIB7RgUEFHVzQrrcnxmlD4OY2me0LhQFzsyiJSaRIGpnG6p/uam4qpcJ9XhXTdjIkk1FWQ2KEw51jG e3gH3maRE84kBIJKZXTEZggSizbXKxgTv75eXoXVTv697TReV0DGqoCry0C16QE+ogVqIoC/rxDq3Lqxvu2JXZ27Z1ty2I/Qr7Msf37bD2g==</latexit><latexit sha1_base64="SyJ0/kt/eRc1TyxyxoAlPuwrgFM=">AAACeXicdVFN S8NAEN3Er1q/oh5FWCxqVSyJHtRb0YvHClYLTSmT7cYubjZhdyOUmB/hX/PmL/HiwW2aQ9U6sPB48x4z+yZIOFPadT8se25+YXGpslxdWV1b33A2tx5UnEpC2yTmsewE oChngrY105x2EkkhCjh9DJ5vxv3HFyoVi8W9HiW0F8GTYCEjoA3Vd978CPSQAM/u8nqBgzBL8n5WYBllL8Dz/AifYF9AwAHP1h+9lo5Z7hz7ZBBrPKU//X9U36m5Dbco /Bd4Jaihslp9590fxCSNqNCEg1Jdz010LwOpGeE0r/qpogmQZ3iiXQMFRFT1siK6HO8bZoDDWJonNC7YaUcGkVKjKDDK8Zbqd29Mzup1Ux1e9jImklRTQSaDwpRjHeP xHfCASUo0HxkARDKzKyZDkEC0uVbVhOD9/vJf0D5rXDW8O7fWvC7TqKAdtIfqyEMXqIluUQu1EUGf1q51YB1aX/aeXbePJ1LbKj3b6EfZ599gRcS7</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit>
⌘
<latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit>
a¯i
<latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit>
a¯i
<latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit>
(b) Trust region method: It first finds a solution within the convex space Q(p) ≤ a¯i, where
the approximation variable a¯i can take any value within the blue region. Then based on
this solution, the method iteratively builds a trust region that limits the search space to the
boundaries of the constraint. The parameter σ controls the distance between the quadratic
constraint and the trust region, and thus the amount of constraint violation.
Q(p)  a¯i
<latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit><latexit sha1_base64="esAip/pVgmYXAEv4B8k9vs2rcMk=">AAACGXicbZDLSg MxFIYzXmu9VV26CRahbsqMCOqu6MZlC9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6 HkjKWUjbiilOu7GgEHicdrzJdeZ3HqiQLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIG XPsWPV1yAUI5ymZTeRNAYygRHtGQwhoLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3kJxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xC cOZPXoT2af2y7rTOqo2rIo0SOkRHqIYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit>
Q(pval) +rQ(p)|pval · (p  pval) +     a¯i
<latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit><latexit sha1_base64="PfguUDjF+49pm+EqK44HvpcXxgk=">AAACn3icfVFd SxtBFJ3d2tamH8b6WISLoaCUhl0RWt+kvvhgS4SmWrIh3J3MxsGZ2e3MrBCm87v8H33rv3Gy7kPU4IWBw7nncO7cm1eCG5sk/6P42drzFy/XX3Vev3n7bqO7+f6XKWtN 2ZCWotQXORomuGJDy61gF5VmKHPBzvOr40X//Jppw0v1084rNpY4U7zgFG2gJt2bTKK9pCjcmd9tcF64yk9cg7V01yi834NPkCnMBcJq/R78bS2r7B4yOi0tLBngMzyd ZvhMhrQZ+wNZjtrhkop7P+n2kn7SFDwGaQt6pK3BpPsvm5a0lkxZKtCYUZpUduxQW04F852sNqxCeoUzNgpQoWRm7JoFe/gYmCkUpQ5PWWjYZYdDacxc5kG5GNE87C3I Vb1RbYuvY8dVVVum6F1QUQuwJSyuBVOuGbViHgBSzcOsQC9RI7Xhpp2whPThlx+D4X7/sJ+eHfSOvrXbWCcfyA7ZJSn5Qo7ICRmQIaHRdnQcnUbf4534JP4RD+6kcdR6 tsi9in/fAojW0dU=</latexit>
 
<latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit><latexit sha1_base64="12YyNBCDY8tIhHWhb7e9asMlUbI=">AAAB7Hic bVDLSgNBEOz1GeMr6tHLYBA8hV0R1FvQi8cIbhJIljA7mU3GzGOZmRXCkn/w4kHFqx/kzb9xkuxBEwsaiqpuurvilDNjff/bW1ldW9/YLG2Vt3d29/YrB4d NozJNaEgUV7odY0M5kzS0zHLaTjXFIua0FY9up37riWrDlHyw45RGAg8kSxjB1knNrmEDgXuVql/zZ0DLJChIFQo0epWvbl+RTFBpCcfGdAI/tVGOtWWE00 m5mxmaYjLCA9pxVGJBTZTPrp2gU6f0UaK0K2nRTP09kWNhzFjErlNgOzSL3lT8z+tkNrmKcibTzFJJ5ouSjCOr0PR11GeaEsvHjmCimbsVkSHWmFgXUNmFE Cy+vEzC89p1Lbi/qNZvijRKcAwncAYBXEId7qABIRB4hGd4hTdPeS/eu/cxb13xipkj+APv8wcIy473</latexit>
Q(p)  a¯i
<latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit ><latexit sha1_base64="esAip/pVgmY XAEv4B8k9vs2rcMk=">AAACGXicbZDLSgMxFIYzXmu9VV26CRahbsqMCOqu6MZlC 9YWOqWcSTNtaOZikhFKmOdw46u4caHiUle+jZnpLLT1QODj/88h5/xezJlUtv1tLS 2vrK6tlzbKm1vbO7uVvf07GSWC0DaJeCS6HkjKWUjbiilOu7GgEHicdrzJdeZ3Hqi QLApv1TSm/QBGIfMZAWWkQcVxA1BjAly30lrOnq/j9AS7nN5j1wOhIR3o3BGBZmk 6qFTtup0XXgSngCoqqjmofLrDiCQBDRXhIGXPsWPV1yAUI5ymZTeRNAYygRHtGQwh oLKv89NSfGyUIfYjYV6ocK7+ntAQSDkNPNOZrSjnvUz8z+slyr/oaxbGiaIhmX3k JxyrCGc54SETlCg+NQBEMLMrJmMQQJRJs2xCcOZPXoT2af2y7rTOqo2rIo0SOkRHq IYcdI4a6AY1URsR9Iie0St6s56sF+vd+pi1LlnFzAH6U9bXDzKGodQ=</latexit >
Q(pval) +rQ(p)|pval · (p  pval)
<latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="X/BbPPQRM1pmBhxdK1enSbL+gJw=">AAAB2HicbZDN SgMxFIXv1L86Vq1rN8EiuCozbtSd4MZlBccW2qFkMnfa0ExmSO4IpfQFXLhRfDB3vo3pz0KtBwIf5yTk3pOUSloKgi+vtrW9s7tX3/cPGv7h0XGz8WSLygiMRKEK00u4 RSU1RiRJYa80yPNEYTeZ3C3y7jMaKwv9SNMS45yPtMyk4OSszrDZCtrBUmwTwjW0YK1h83OQFqLKUZNQ3Np+GJQUz7ghKRTO/UFlseRiwkfYd6h5jjaeLcecs3PnpCwr jDua2NL9+WLGc2uneeJu5pzG9m+2MP/L+hVl1/FM6rIi1GL1UVYpRgVb7MxSaVCQmjrgwkg3KxNjbrgg14zvOgj/brwJ0WX7ph0+BFCHUziDCwjhCm7hHjoQgYAUXuD NG3uv3vuqqpq37uwEfsn7+AaqKYoN</latexit><latexit sha1_base64="uO0A6Zn4vhoaLQX3gZMbosO7fAM=">AAACbnicdZFN S8NAEIY38avWr+hVhKWitool8aLeBC8eW7BWaEqZbDft0s0m7G4KJeZH+Ne8+Uu8eHCb9lBtHVh4eGeGmX0nSDhT2nU/LXttfWNzq7Rd3tnd2z9wDndfVJxKQlsk5rF8 DUBRzgRtaaY5fU0khSjgtB2MHqf59phKxWLxrCcJ7UYwECxkBLSRes67H4EeEuBZM68WHIRZkveygmWUjYHneQ1fYV9AwAGvrq+9zTtWdefYJ/1Y44X66/9H9ZxTt+4W gZfBm8Mpmkej53z4/ZikERWacFCq47mJ7mYgNSOc5mU/VTQBMoIB7RgUEFHVzQrrcnxmlD4OY2me0LhQFzsyiJSaRIGpnG6p/uam4qpcJ9XhXTdjIkk1FWQ2KEw51jG e3gH3maRE84kBIJKZXTEZggSizbXKxgTv75eXoXVTv697TReV0DGqoCry0C16QE+ogVqIoC/rxDq3Lqxvu2JXZ27Z1ty2I/Qr7Msf37bD2g==</latexit><latexit sha1_base64="uO0A6Zn4vhoaLQX3gZMbosO7fAM=">AAACbnicdZFN S8NAEIY38avWr+hVhKWitool8aLeBC8eW7BWaEqZbDft0s0m7G4KJeZH+Ne8+Uu8eHCb9lBtHVh4eGeGmX0nSDhT2nU/LXttfWNzq7Rd3tnd2z9wDndfVJxKQlsk5rF8 DUBRzgRtaaY5fU0khSjgtB2MHqf59phKxWLxrCcJ7UYwECxkBLSRes67H4EeEuBZM68WHIRZkveygmWUjYHneQ1fYV9AwAGvrq+9zTtWdefYJ/1Y44X66/9H9ZxTt+4W gZfBm8Mpmkej53z4/ZikERWacFCq47mJ7mYgNSOc5mU/VTQBMoIB7RgUEFHVzQrrcnxmlD4OY2me0LhQFzsyiJSaRIGpnG6p/uam4qpcJ9XhXTdjIkk1FWQ2KEw51jG e3gH3maRE84kBIJKZXTEZggSizbXKxgTv75eXoXVTv697TReV0DGqoCry0C16QE+ogVqIoC/rxDq3Lqxvu2JXZ27Z1ty2I/Qr7Msf37bD2g==</latexit><latexit sha1_base64="SyJ0/kt/eRc1TyxyxoAlPuwrgFM=">AAACeXicdVFN S8NAEN3Er1q/oh5FWCxqVSyJHtRb0YvHClYLTSmT7cYubjZhdyOUmB/hX/PmL/HiwW2aQ9U6sPB48x4z+yZIOFPadT8se25+YXGpslxdWV1b33A2tx5UnEpC2yTmsewE oChngrY105x2EkkhCjh9DJ5vxv3HFyoVi8W9HiW0F8GTYCEjoA3Vd978CPSQAM/u8nqBgzBL8n5WYBllL8Dz/AifYF9AwAHP1h+9lo5Z7hz7ZBBrPKU//X9U36m5Dbco /Bd4Jaihslp9590fxCSNqNCEg1Jdz010LwOpGeE0r/qpogmQZ3iiXQMFRFT1siK6HO8bZoDDWJonNC7YaUcGkVKjKDDK8Zbqd29Mzup1Ux1e9jImklRTQSaDwpRjHeP xHfCASUo0HxkARDKzKyZDkEC0uVbVhOD9/vJf0D5rXDW8O7fWvC7TqKAdtIfqyEMXqIluUQu1EUGf1q51YB1aX/aeXbePJ1LbKj3b6EfZ599gRcS7</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit><latexit sha1_base64="RD4Md8qgH+dgOG3mwsw8t61Br5E=">AAACeXicdVFN S8NAEN3E7/pV9SjCYlGrYklUUG+iF48tWFtoSplsN7p0swm7m0KJ+RH+NW/+Ei8e3MYctK0DC4837zGzb/yYM6Ud58Oy5+YXFpeWV0qra+sbm+Wt7ScVJZLQJol4JNs+ KMqZoE3NNKftWFIIfU5b/uB+3G8NqVQsEo96FNNuCM+CBYyANlSv/OaFoF8I8LSRVXPsB2mc9dIcyzAdAs+yY3yKPQE+Bzxbf/xaOGa5M+yRfqTxL/3Z/6N65YpTc/LC 08AtQAUVVe+V371+RJKQCk04KNVxnVh3U5CaEU6zkpcoGgMZwDPtGCggpKqb5tFl+MAwfRxE0jyhcc7+dqQQKjUKfaMcb6kme2NyVq+T6OC6mzIRJ5oK8jMoSDjWER7 fAfeZpETzkQFAJDO7YvICEog21yqZENzJL0+D5nntpuY2Liu3d0Uay2gX7aMqctEVukUPqI6aiKBPa886tI6sL3vfrtonP1LbKjw76E/ZF99hhcS/</latexit>
⌘
<latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit><latexit sha1_base64="sZD7pdzOvH5+7/IlAYHJOBxoVS8=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtoQ9lsN+3SzSbsToQS+he 8eFDx6i/y5r9x0+ag1QcDj/dmmJkXplIYdN0vp7Kyura+Ud2sbW3v7O7V9w8eTJJpxn2WyER3Q2q4FIr7KFDybqo5jUPJO+HkpvA7j1wbkah7nKY8iOlIiUgwioXU50gH9YbbdOcgf4lXkgaUaA/qn/1hwrKYK2SSGtPz3BSDnGoUTPJZrZ8ZnlI2oSPes1TRmJsgn986IydWGZIo0bYUkrn6cyKnsTHTOLSdMcWxWfYK8 T+vl2F0GeRCpRlyxRaLokwSTEjxOBkKzRnKqSWUaWFvJWxMNWVo46nZELzll/8S/6x51fTuzhut6zKNKhzBMZyCBxfQgltogw8MxvAEL/DqxM6z8+a8L1orTjlzCL/gfHwDdhiODA==</latexit>
a¯i
<latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit>
a¯i
<latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit><latexit sha1_base64="OEr7jUDF8p36/PawbxD1b8rSoSM=">AAAB/Hic bVDLSsNAFJ3UV62v+Ni5GSyCq5KIoO6KblxWMLbQhDCZTtqhM5MwMxFqCP6KGxcqbv0Qd/6NkzYLbT0wcDjnXu6ZE6WMKu0431ZtaXllda2+3tjY3NresXf 37lWSSUw8nLBE9iKkCKOCeJpqRnqpJIhHjHSj8XXpdx+IVDQRd3qSkoCjoaAxxUgbKbQP/AjJHBVh7nOkR5LntChCu+m0nCngInEr0gQVOqH95Q8SnHEiNG ZIqb7rpDrIkdQUM1I0/EyRFOExGpK+oQJxooJ8mr6Ax0YZwDiR5gkNp+rvjRxxpSY8MpNlRDXvleJ/Xj/T8UWQU5Fmmgg8OxRnDOoEllXAAZUEazYxBGFJT VaIR0girE1hDVOCO//lReKdti5b7u1Zs31VtVEHh+AInAAXnIM2uAEd4AEMHsEzeAVv1pP1Yr1bH7PRmlXt7IM/sD5/AAk9lc4=</latexit>
(c) Soft-constraint method: It first finds a solution within the convex space Q(p) ≤ a¯i as
in the previous method and then based on this solution, it iteratively builds a function
underestimator (in orange), whose purpose is to act as a cost that rewards the selection
of values close to it and thus close to the constraint boundary. Parameter η controls the
desirability of selecting solutions close to the underestimator of the quadratic constraint.
Figure 7: Approximation of quadratic equality constraints ∈ Q+ within its convex space
using sequential convex relaxation methods: trust region and soft constraints.
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Fig. 7a sketches the hyperplane defined by the nonconvex constraint (11a), which
can be conceived as the intersection of two inequalities, a convex a¯i ≥ ‖ai + bi‖2
and a nonconvex one a¯i ≤ ‖ai + bi‖2. While it is difficult to search a solution in a
high dimensional nonconvex space, it is easier to search within the space defined by
the convex inequality and guide the optimization towards the constraint boundary
as illustrated in Figure 7, approaching in this way towards solutions with practical
feasibility for the original nonconvex quadratic equality constraint. In the following,
the two proposed relaxation methods based on SOC programs to deal with the
quadratic equality constraints are presented.
trust region method In this approach the main idea is to use a primal
constraint to limit the convex search space to values close to the boundaries (Fig. 7b).
In mathematical terms, the trust region should constrain the problem to values of
a¯i near Q(p) (for simplicity of notation we define p = ai + bi and Q(·) = ‖·‖2). In
the first iteration, as no guess for the optimal problem values is available, a solution
is found without additional constraints over the entire relaxed convex search space.
From there on, the trust region is built based on the optimal vector from the previous
iteration and by reducing the allowed amount of constraint violation σ. The benefits
of constraining the problem in this way are twofold: in the first place, it is easy
to refine the solution with values of p around the optimal values of the previous
iteration pval that satisfy the desired amount of constraint violation σ, and secondly,
it provides a method to iteratively increase the approximation accuracy by reducing
the value of σ, as required by convergence tolerances. Note that if the hessian of
the nonconvex constraint were an indefinite matrix, this trust region would lead to
unbounded regions instead of constraining the problem as desired.
Trust Region Approximation of Q+ Expressions
In the case ofQ+ expressions, thanks to the positive curvature of the constraint
hessian, a linear inequality constraint suffices to constrain the problem as
desired [153].
Q(p) = a¯i →
Q(p) ≤ a¯iQ(pval) +∇Q(p)|pval · (p− pval) ≥ a¯i − σ
The linear constraint is built based on the current optimal values pval taken
by the optimization variables p and σ is a positive threshold, big enough
to provide a feasible interior to the intersection of the constraints. Figure 7b
graphically depicts the approximation.
38 dynamic motion planning
soft-constraint method Alternatively, a hard restriction of the search space
could be replaced with a cost that biases the optimizer towards finding solutions
close to the boundary of the constraint by pulling optimization variables towards a
function underestimator (Fig. 7c).
Soft-Constraint Approximation of Q+ Expressions
A cost heuristic rewards the selection of values of a¯i close to the function
underestimator (Q(pval) +∇Q(p)|pval · (p− pval)), hyperplane that supports
the function and was built based on the current optimal values pval taken by
the optimization variables p in the previous iteration.
Q(p) = a¯i →
Q(p) ≤ a¯i
η
∥∥Q(pval) +∇Q(p)|pval · (p− pval)− a¯i∥∥2
η defines the desirability of selecting optimization values close to the un-
derestimator, and that thus enjoy of practical feasibility for the nonconvex
constraint. Figure 7c graphically depicts the approximation.
As shown in Fig. 7, both methods are iterative convex approximations of the problem
nonconvexities. They are based on looking for a solution over the convex search
space and thus enjoy of good convergence convexity properties, but at the same
time they are general approximations of the nonconvexities that can capture its
nature all over its range.
3.2.0.3 Numerical Optimization
This section describes numerical aspects such as convergence criteria and algorith-
mic implementation details used within the trajectory optimization problem.
convergence criteria The amount of constraint violation is used as the
measure to decide upon convergence. It is defined as the supremum among the
average errors of state variables (12a), which are computed by comparing the values
of optimization variables (rt, lt, kt) that solve the approximate problem and the
values obtained by integrating endeffector wrenches (rseqt , l
seq
t , k
seq
t ) that satisfy
exactly all nonconvex constraints, as in (12).
lseqi = l0 +
i
∑
s=1
(
mg +∑
e
fe,s
)
∆s
rseqi = r0 +
1
m
i
∑
r=1
(
l0 +
r
∑
s=1
(
mg +∑
e
fe,s
)
∆s
)
∆r
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kseqi = k0 +
i
∑
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(12a)
When the errors (12a) fall below a certain threshold for the constraint violation to
be considered negligible for practical purposes, the algorithm has converged. While
errors are normalized to make them comparable, in practice angular momentum
trajectories converge after CoM and linear momentum trajectories, thus it is possible
to only focus on convergence of angular momentum to desired thresholds of
constraint violation to decide upon algorithmic convergence.
algorithmic implementation details To approximate the solution of
problem (4), the proposed approach iteratively solves an approximate problem
(using an interior point solver for SOC programs based on [104]), where each
nonconvex constraint (4b)-(4d) has been replaced by a convex approximation. At
each iteration, the approximations and its parameters are updated (based on the
optimal values of the previous iteration) to reduce the constraint violation amount.
The procedure is then repeated until convergence.
The problem is solved in two phases (in the spirit of [55]): In the first one, the
algorithm discovers a good motion using a full quadratic approximation, i.e. all
nonconvex constraints are approximated using the methods described in section
3.2.0.2. In the second, the focus is more on convergence to physical consistency and
approximation accuracy of (4c)-(4d) which are approximated using a second-order
model as in the previous phase, and use only a first-order approximation of time-
related constraints (4b) to allow the optimizer to still adjust CoM, linear momentum
and timings, while speeding up and increasing accuracy of angular momentum
convergence. Within the trust region method, the parameter σ is decreased using
iteratively increasing powers of a value less than one, e.g. σ ∝ ci , where c is a value
less than one, and i denotes the iteration number. Within the soft-constraint method,
a different value for the parameter η is selected at each phase between [1e4, 1e6] to
be higher than other optimization costs.
3.3 optimization of contact plans
This section will explain how contact locations can be optimized within problem (4)
when they are considered optimization variables but given the contact surfaces to
which they should belong to. Then, this section will also describe an algorithm to
efficiently select out of a terrain description a discrete set of contact surfaces and
locations that would support the generation of a dynamic motion.
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Figure 8: The description of a safe contact surface S is a set of coplanar corners ci , i ∈
[1, q], out of which the following quantities can be computed: surface normal
ns, surface rotation S rot, any surface point ps = ci and a membership constraint
x ∈ µ(S), ∀x ∈ S , that simply defines the set of points x that lie on the safe surface.
3.3.1 Membership of contact locations to terrain surfaces
Given a description of the terrain surface S (over which it is safe to make contact), a
contact location can be optimized by including its membership constraint to surface
S to the optimization problem. A contact surface S (as defined in Fig. 8) is such that
any contact point pe selected from its interior guarantees that the entire endeffector
is in contact. The expression pe ∈ µ(S) constrains an endeffector position pe to
belong to surface S (see Fig. 8 for notation):
pe ∈ µ(S) :=
 Λsns
−ns
 pe ≤
 λsns · ps
−ns · ps
 (13)
Equation (13) defines a set of halfspaces, whose intersection constrains a contact
point pe to lie on a safe contact surface. For instance, Λspe ≤ λs denote the half-
spaces that define lateral limits of the contact surface, while ns · pe = ns · ps implies
that the normal distance from the plane should be zero, i.e. the contact point has to
lie on the contact surface.
Impact on convergence speed of this linear constraint is small and can be easily
included, assuming a terrain description in terms of safe contact surfaces is given.
3.3.2 Dynamics-Based Contacts Planning
Robots dynamically navigate an environment by interacting with it via intermittent
contacts. Thus, for dynamic motions such as walking down a steep slope, crossing a
wide gap or recovering from a push, it makes sense to select them using a measure
of dynamical robustness. To this end, ideally one would like to use a mixed-integer
solver that evaluates the desirability of a set of contact surfaces by solving problem
(4), as shown in section 3.2. In the following, such an approach is described.
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3.3.2.1 Terrain Description and Contact Model
This section describes how a terrain is modeled and how contacts are selected
within this description using the notation of [58].
The terrain consists of a set of convex, obstacle free regions Sr ∈ {1, R} and the
approach considers a sequence of pn ∈ {1, N} contacts. Binary variables Hn,r ∈
{0, 1}N−N0 ,R define the contact surface Sr, whose domain contains contact pn (N0
are contacts initially active and thus have a predefined pose). Hn,r → pn ∈ µ(Sr)
and ∑r Hn,r = 1 constrain contact pn to belong to only one contact surface. The
mapping between index n of contact location pn and the range of timesteps t, in
which this endeffector location pe,t is active, is predefined.
Binary variables H decide upon the terrain region from where a contact location
p can be selected. Integrality constraints guarantee that only one region is active for
feet contacts and either one or none for hand contacts.
Hn,r =⇒ pn ∈ µ(Sr)
∑r Hn,r
= 1, for feet contacts≤ 1, for hands contacts
1−∑r Hn,r =⇒ (fe,t = 0), for hands
Hn,r =⇒ Fconeµ Srotr fe,t ≤ 0, friction cone
When no contact region is selected, control variables such as contact forces are
zeroed. Local endeffector forces Srotfe,t also depend on the selected region to
enforce friction cone constraints. Fconeµ is a matrix such that when multiplied by the
local force, the result is less than zero when the force respects the friction cone.
Reachability constraints between footstep locations can be based on kinematic
reachability using linear inequalities [154] or on the intersection of SOC con-
straints [58]. They can be described in a convex form using linear inequalities
based on kinematic reachability such as in
∆pmin ≤ (pi − pi−1) ≤ ∆pmax
or they could be described as in [58] using an intersection of second-order cone
constraints as:
Ssech,n =⇒
φsh ≤ θn ≤ φsh+1sθ = gshθn + bsh , ∑h S
sec
h,n = 1
Csech,n =⇒
φch ≤ θn ≤ φch+1cθ = gchθn + bch , ∑h C
sec
h,n = 1∥∥∥∥∥
[
pxi
pyi
]
−
([
pxi−1
pyi−1
]
+
[
cθ −sθ
sθ cθ
]
p1,2
)∥∥∥∥∥ ≤ d1,2
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In the latter case e.g., piece-wise affine approximations of sine and cosine func-
tions are used to model footsteps’ rotation θ in a convex form. Binary variables
Ssech,n, C
sec
h,n ∈ {0, 1}H,Nf are used to select the active approximation h for each footstep
n. Integrality constraints ∑h Ssech,n = ∑h C
sec
h,n = 1 guarantee that only one approxi-
mation is active at each footstep. Each affine approximation is defined by a region
of validity of the yaw angle φsh ≤ θn ≤ φsh+1 (for sine) or φch ≤ θn ≤ φch+1 (for
cosine) and, the corresponding linear approximation of the yaw angle of rotation
sθ = gshθn + b
s
h (for sine) or c
θ = gchθn + b
c
h (for cosine). Finally, these variables are
used to model the range of available positions for the next footstep based on the
current footstep position and yaw angle as the intersection of two SOC constraints.
3.3.2.2 Dynamics Model and Objective Function
The contacts planning algorithm makes use of a light version of problem (4) that
does not consider e.g. endeffector torques γe,t (without loss of generality contacts
are modeled as points), uses a linear model of friction cones and, either a centroidal
momentum dynamics model with fixed or non-fixed timings. The objective function
φcntt similarly to (4a) regularizes states and controls and, also incorporates user-
defined objectives.
The objective function φcntt regularizes available controls (timesteps ∆, contact
locations pn, endeffector forces fe), as well as states (CoM and momentum).
min
h,∆,pn ,fe
T
∑
t=1
φcntt
(
h,∆t, pn, fe
)
subject to ht =
 rtkt
lt
 =
 rt−1 +
1
m lt∆t
kt−1 + (∑e κe,t)∆t
lt−1 + (mg +∑e fe,t)∆t

κe,t = (pe,t − rt)× fe,t
∆t ∈ [∆min,∆max]
‖pe,t − rt‖ ≤ `maxe
Physical constraints include a momentum dynamics model, a box constraint for
timestep discretizations and limits between endeffector positions and CoM.
3.3.2.3 Numerical Optimization
To compare the effect of time-optimal vs. non time-optimal, as well as the effect of
the number of iterations used to approximate the dynamics model over optimized
contact plans, a mixed-integer solver capable of solving a sequence of SOC programs
is used (not available commercially). It relies on two functions to bound the optimal
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(a) Rough terrain (b) Down-Up (c) Walking stairs (d) Up stairs
(e) Using hands (f) Up with hands (g) Tilted terrain (h) Narrow path
Figure 9: Examples of time-optimized dynamic movement plans.
value of a search space. The lower bound comes from a relaxation of the search space
binary variables and the upper bound by any solution where binary variables are
binary. The rest of constraints are treated using an iterative or non-iterative model
as previously described. Then, the feasible search space is partitioned into convex
sets and each partition bounded. The algorithm converges once global lower and
upper bounds are close enough, otherwise the partitions are refined and the search
process is repeated. The implementation of this mixed-integer solver is based on a
branch and bound method for global nonconvex optimization, as detailed in [117].
In simple scenarios linear reachability constraints suffice, and SOC constraints are
used in more complex ones, as will be shown in the experimental section 3.4.
3.4 experimental results
This section shows experimental results about the optimization of contact and
motion plans. It demonstrates the capabilities of the algorithm in multi-contact
scenarios including walking on uneven terrain, climbing stairs using hands and
many others.
3.4.1 On the Optimization of Dynamic Movement Plans
This section will demonstrate the capabilities of the algorithm (soft and trust
region-based) at optimizing several centroidal momentum trajectories as defined by
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problem (4). In particular, it looks at convergence to feasibility (measured by the
amount of constraint violation of the solution) and time complexity to converge to
a desired feasibility threshold. This section will also present results regarding the
qualitative improvement of motions that include time and/or contact locations in the
optimization. Finally, it will show how whole-body motions can be optimized using
a kino-dynamic approach, how actuation limits can be included in the dynamics
optimization, and tracking performance of time-optimized motions.
3.4.1.1 Feasibility Convergence and Time Complexity
To analyze convergence properties and computational complexity of the algorithm,
a set of 8 optimized motions (shown in Fig. 9) are used to gather statistics about
algorithmic performance.
Figure 10 presents statistics about time complexity, convergence to feasibility
and relative cost reduction when using the same objective function but different
number of discretization timesteps and algorithmic settings. In particular, it shows
information about what happens when the optimization includes or not time as a
variable Time vs. Mom, includes or not optimization of contact locations Cnt, using
soft-constraint or trust-region heuristics Sc vs. Tr. First of all, in the center plot the
amount of constraint violation of the optimized solutions is shown, as measured
by (12a). Note that the algorithm converges when the error or its reduction within
an iteration fall below a desired threshold and, as visible on the plot, the method
converges in all experiments to the desired feasibility thresholds under all settings.
The uppermost plot shows statistics about the time-complexity of the algorithm
for convergence to the desired feasibility thresholds; in particular, it shows its
linear-tendency in momentum and time optimization problems. Notice that for
fixed-time optimization problems, neither the employed heuristic (trust region or
soft-constraint) nor the inclusion in the optimization of contact locations affect the
solving time performance. A similar behavior can be seen for time optimization prob-
lems with the difference that trust-regions are slightly faster than soft-constraints.
Finally, the bottom plot quantifies numerically the relative reduction of the cost
when optimizing time and contact locations. In orange tones, reference normalized
costs of momentum optimization problems using fixed contact locations and timings
for trust-region and soft-constraint heuristics are shown. As expected both achieve a
similar minimum and have thus similar normalized costs (close to one). Considering
contact locations as optimization variables has minimum impact on solving time
performance, yet it significantly reduces the objective value (around 35 percent)
because this degree of freedom allows the optimizer to select motions that require
lower values of momentum trajectories, e.g. motions with less lateral sway of the
center of mass.
The effect of time optimization on the objective value is dependent on the problem
time horizon (for simplicity, one can assume that the value of one timestep is 0.1
seconds and thus the horizontal axis spans between 2 and 20 seconds). For instance,
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Figure 10: Top: Linear-time complexity of movement plans: with or without time optimiza-
tion Time− Mom, using soft-constraint or trust-region heuristics Sc− Tr, and
with or without optimization of contact locations Cnt. Center: Corresponding
normalized convergence errors e as given by (12a) and Bottom: numerical relative
cost reduction of motions optimized including time and/or contact locations with
respect to motions using fixed contacts and timings. Each data-point summarizes
information from 8 experiments (shown in Fig. 9) optimized using the same
objective function but different number of timesteps and heuristics.
in problems with short-time horizons such as at the leftmost side of the plot, the cost
difference between motions that consider or not time as an optimization variable
is modest, but as the look-ahead horizon increases (right side) time optimization
becomes a powerful way of shaping the motion to achieve lower costs. Notice that
in this case the soft-constraint heuristic finds in average slightly lower local minima
than the trust-region heuristic. Figure 11 shows the average number of iterations
required to solve a momentum or time optimization problem for varying number of
timesteps, as well as the average time required to solve each of these iterations. For
instance, momentum optimization problems require between 2-3 iterations, while
time optimization problems 7-10. However, the difference in solving times of one
iteration is not significant, e.g. for a time horizon of 2 seconds (20 timesteps) the
solving times are 80 ms and 100 ms for momentum and time optimization problems
respectively. This suggests that the approach could be used in a receding horizon
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Figure 11: Average number of iterations required to solve an optimization problem with or
without time optimization for different number of discretization timesteps and,
average time to solve each iteration. Each data-point is based on 32 experiments,
with different heuristic Sc− Tr and with our without optimization of contacts.
setting, where the optimizer can be warm-started from a previous solution and thus
only needs to solve one iteration for a short look-ahead horizon.
3.4.1.2 Qualitative Improvement of Solutions
In this space, qualitative results on a pair of motions are shown to illustrate the
working principles and benefits of the approach.
For example, Figure 12 shows time optimal results for a walking up tilted stairs
motion traversed with two different values of the friction coefficient µ. In the first
case (µ = 0.35), the tendency is to increase the duration of timestep discretizations
during double supports to have enough time to slowly accelerate the CoM while
respecting physical constraints, resembling statically stable motions. In an envi-
ronment with flat surfaces, the same approach would be valid even if the friction
coefficient is further reduced (e.g. µ = 0.25). However, in a terrain with tilted
surfaces such a strategy might not be viable. In such a setting, even the fixed-time
version of the algorithm might struggle at finding a dynamically feasible solution.
However, the time optimization approach is able to find a solution, whose main
strategy is to quickly traverse the tilted surfaces to get to the uppermost flat contact
surfaces. During this phase, lateral contact forces are exploited to the limit, and
then a similar strategy to the previous case is used.
Figure 13 shows a walking up stairs motion, where hand contacts are used. Within
the performed experiments, in such multi-contact scenarios time optimization does
not significantly change motion timings. However, optimizing contact locations
allows to find motions with less CoM sway (compare e.g. CoM trajectories for a
momentum optimization without optimization of contact locations MomSc and a
time optimization that includes optimization of contact locations TimeScCnt), which
is more energetically efficient with a small additional computational cost in the
optimization.
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Figure 12: Comparison of optimal normalized endeffector forces and timing results for two
different values of friction coefficient µ. Re f timings are the initial ones and Opt
the final optimized ones.
3.4.1.3 Kino-Dynamic Whole-Body Optimization
This section will show how the proposed algorithm can be used in a kino-dynamic
approach to generate whole-body motions. A climbing stairs motion (Fig. 9d) is
used to illustrate convergence of the method to kino-dynamic consistency. Figure 14
graphically compares kinematic Kin and dynamic momentum trajectories Dyn at
the end of each dynamics optimization, and on the bottom, it shows a quantitative
comparison that depicts how error norms, obtained by comparing desired kinematic
momentum trajectories and dynamic ones obtained by integrating optimal controls,
decrease until convergence at each kino-dynamic iteration. Linear momentum
converges to high levels of precision, while angular momentum only to modest
levels of precision. Note as well that the first dynamics optimization (shown in red)
takes the longest to converge. This plot also shows how trajectories optimized in
subsequent iterations converge faster without using any information from previous
ones. In practice, however by exploiting this information to construct optimization
heuristics, they can be solved much faster. Dark colors are used to show dynamic
trajectories Dyn, and the same, but light color, for kinematic ones Kin. Solid lines
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Figure 13: Comparison between CoM and normalized linear momentum in the lateral direc-
tion for a walking up stairs motion using hands. Bottom plot shows activations
of endeffectors over the time horizon for momentum and time optimization
problems.
correspond to motions optimized using soft-constraints, and dashed lines to motions
optimized using trust regions. Qualitatively and quantitatively they converge to
similar solutions, as can be seen in the plots, where it is difficult to distinguish them
from each other. Finally, notice that at each kino-dynamic iteration kinematic and
dynamic momentum trajectories match; however, in practice at least a couple of
iterations are used to converge to a motion easily executable on a physical simulator.
3.4.1.4 Execution of Movement Plans
This section shows that optimal motion plans optimized in the previous section
using a kino-dynamic approach can be executed on a physical simulator. Figure
15 shows tracking of optimized movement plans using feedback [129] and inverse
dynamics controllers [92] using the architecture described in Fig. 5. The top three
rows show desired momentum trajectories (Dynplan in orange) as well as its tracking
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Figure 14: This figure shows convergence to feasibility of each dynamics optimization
along three kino-dynamic iterations. It compares desired kinematic momentum
trajectories Kin and dynamic momentum trajectories obtained by integrating
optimal controls Dyn at the end of each dynamic optimization. Bottom plots show
how error norms decrease until convergence along each iteration. Momentum
values are normalized by robot mass. Vertical colored bars show the activation of
each endeffector over time.
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Figure 15: Tracking of desired momentum trajectories for the climbing up stairs motion
(shown in Fig. 9d) using time optimization.
(Dynmeas in blue). At the bottom left corner, the activation of the endeffectors over
time can be seen, as given by the optimal timings, shown at the bottom right corner.
At the beginning of the motion execution, the robot transitions from a stiff feedback
controller to a pure feedforward one; in this phase, executed momentum trajectories
differ from desired ones.
Actuation limits are not always satisfied, if they are not explicitly considered in
the optimization. For instance, in the climbing up stairs motion the knee flexion-
extension KFE joint torque exceeds its limits by around 30[N], as shown in Fig. 16
in orange. If the torque limit constraint is included, linearized around the current
kinematic trajectory, the dynamics optimizer can adapt other available degrees of
freedom, such as timings and endeffector wrenches to satisfy it, as seen by the
executed torque in green. Another way to satisfy actuation limit constraints is by
redistribution of contact forces among the available endeffectors (Fig. 17). In this
case, timestep discretizations were kept constant, and the optimizer distributes
contact forces in such a way that the left leg is supported by the left hand in order
to synthesize a motion within the leg torque actuation limits.
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Figure 16: Satisfaction of actuation limits in walking motion (Fig. 9d) by considering joint
torque limit constraints in the dynamics optimization problem that adapts endef-
fector wrenches and timings.
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Figure 17: Satisfaction of actuation limits by redistribution of contact forces among available
endeffectors in multi-contact fixed-time motion. Torque references are shown
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shoulder and elbow joints; Bottom: left and right feet - hip and knee joints.
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Figure 19: Comparison of normalized linear and angular momentum trajectories of dy-
namically optimized contact plans for a walking up motion (Fig. 9d). In green
dash-dotted lines, results when using only one iteration are shown; in dashed
orange lines, when using a multi-iteration dynamics model; and in blue solid
lines results when time is also considered an optimization variable are displayed.
3.4.2 On the Optimization of Contact Plans
This section analyzes the results of the contacts planning algorithm at finding a
set of contact surfaces and possibly an initial guess for a sequence of contacts that
support the generation of a dynamic motion.
In the first place, Figure 19 compares momentum trajectories of dynamically
optimized contact plans for a walking up motion using different dynamics models,
namely an iterative model that optimizes over time variables (in blue), an iterative
model with fixed timings (in orange), and a single-iteration dynamics model with
fixed timings (in green). It is possible to observe that momentum trajectories are
similar and thus generate similar contact plans. Yet, they significantly differ in
the time required to solve the corresponding mixed-integer problem ranging from
one second for the single-iteration model to a few seconds for the time-varying
dynamics model. This suggests that for contacts planning it suffices to consider a
single-iteration dynamics model, which has the benefits of being quickly solvable,
thus making the contacts planner reactive for online planning of contact locations,
but at the same time still considers a dynamic measure of motion robustness. The
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(a) Push recovery (b) Wide gap (c) Steep slope
(d) Slippery terrain (e) Long stepping sequence
Figure 20: Examples of dynamically optimized contact plans.
details of the motion plan such as optimal timings are then deferred to the motion
planning stage, which can be initialized using the dynamics information of the
current contacts planning stage.
Fig. 20 shows a few examples of dynamically optimized contact plans, where a
static contact planner is likely to fail. On top, it shows contact plans optimized using
linear inequalities for reachability constraints, while on the bottom, SOC reachability
constraints are used, as they naturally allow the selection of foot rotations to traverse
difficult environments. Short contact plans (2-4 contacts) as in Fig. 20a can be solved
in a second; medium-size plans as in Fig. 20b-20c in a few seconds; and long contact
sequences with many contact surfaces as in Fig. 20d-20e can take a minute to
solve. In summary, short contact plans can be optimized online using the current
approach, while long contact sequences can be learned using e.g. the search-based
approach [44].
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3.5 discussion
This section discusses about time complexity and ways to speed up convergence, as
well as limitations of the approach, in the sense that it works well within the tested
problems, but it does not mean that it can solve any general nonconvex problem.
3.5.0.1 Time and Computational Complexity
In general, finding a solution to the dense version of any of the convex approxi-
mations solved, requires a polynomial time algorithm (of order O(p 12 [p + q]q2) ≈
O(p 32 ), p being the number of quadratic constraints and q its size) [108]. How-
ever, within the problem size ranges of interest to this work and thanks to the
exploited problem sparsity patterns, it can be observed (Fig. 10) that the problem
has approximately linear time complexity. Notice this linear tendency for both
momentum and time optimization problems, despite their different rates of grow
due to distinct problem sizes. Even problems that consider actuation limits show
this linear tendency (Fig. 18).
In practice, speed up of time optimization problems can be achieved by appro-
priately warm-starting the optimizer using solutions from previous iterations to
build optimization heuristics. When considering torque limits the doubled com-
putational effort due to the addition of 2nT inequality constraints for a problem
with T timesteps and robot with n joints (≈ 30 in our case) can be reduced by
considering only the weakest joints or only those involved in the motion. All in all,
computation times are still lower than the planned horizon, making it possible to
run the algorithm online (the next plan can be computed, while the current one is
being executed).
3.5.0.2 On Limitations of the Approximations
Problem (4) is nonconvex and thus hard to solve. The proposed heuristics lighten to
some extent the effort required to find a solution by searching for an approximate
one within the convex space of the problem. This however comes with certain
limitations. For instance, when using trust regions, they might be inappropriately
built leading to non-optimal solutions, or even unsuitably initialized which could
render the interior of the convex cone empty leading to primal infeasibility. For
the soft-constraint method, the difficulty lies in finding an appropriate trade-off
between two competing objectives: amount of constraint violation and problem
conditioning. An adaptive solution that iteratively reduces the value of the allowed
amount of constraint violation σ works well for the trust region heuristic. For the
soft-constraint method, a constant value for each phase of the problem (tuned for a
good objective trade-off) suffices in practice.
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3.6 conclusion
This chapter presented a structured and efficient algorithm for generating time-
optimal whole-body movement plans for a humanoid robot, as well as an approach
to select a set of contact surfaces from a terrain description that supports such a
motion. Finally, experimental evidence on a physical simulator has been shown to
exemplify the capabilities of the algorithm at generating online motion plans to
successfully control a simulated humanoid robot.

Chapter4
K I N E M AT I C M O T I O N P L A N N I N G
Abstract
The synthesis of kino-dynamically consistent whole-body motion behaviors for
robots with arms and legs usually requires solving trajectory optimization problems
based on a highly complex dynamics model (such as the equations of motion) or a
middle complexity one (such as the centroidal momentum dynamics), which are
able to capture how contact force interaction with the environment relates to whole-
body motion of the robot. The alternating kino-dynamic approach for independent
optimization of whole-body motion and contact force trajectories based on the
centroidal dynamics model [79] made it possible in the previous chapter to only
focus on the efficient and structured optimization of the problem’s dynamics side.
In the same spirit, this chapter focuses only on the kinematics side of the problem,
whose main objective will be to find whole-body movement plans in consensus
with the dynamic momentum (computed from contact wrenches), center of mass
and desired endeffector motion trajectories for floating-base rigid-body systems.
The algorithm presented in this chapter also considers a look-ahead horizon as
well as proposes a methodology to incorporate soft nonconvexities inspired by how
consensus algorithms solve a problem in a distributed manner. The computational
efficiency, capabilities and limitations of the proposed algorithm are evaluated in
several multi-contact scenarios traversed by legged robots.
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4.1 introduction
Many approaches have been proposed in the literature for the synthesis of complex
kinematic behaviors for robots with arms and legs, ranging from sampling-based [48,
51, 53] to optimization-based techniques [29, 55, 84, 87, 126] to name a few. The
range of possible behaviors that can be synthesized by the different methods as well
as the computational complexity of generating a motion behavior largely depend
on the dimensionality of the search space and the expressiveness of the model used
for movement generation (e.g. equations of motion or centroidal dynamics model
in an optimization-based method) [98].
Sampling-based techniques [16] sample from the robot’s configuration space
(floating-base and joints configuration) to build a discrete graph (called a roadmap)
composed by vertices that represent obstacle free configurations and edges that
denote the existence of an obstacle-free path between two vertices. The graph is
built as a discrete approximation of the connectivity of the obstacle-free space and
used to find a path between the initial and desired final configuration [51]. Sampled
configurations are usually further processed to increase the sampling success rate of
zero-measure manifolds [155]: for instance sampled configurations can be projected
so as to fulfill e.g. static stability conditions [156], contact conditions [157], or
dynamic constraints [158]. In the last years sampling based approaches, such as
Probabilistic Roadmaps (PRM) [159, 160, 161] or Rapidly-exploring Random Trees
(RRT) [162, 163], have been shown to provide not only theoretical guarantees such
as probabilistic completeness but also to work well in practice [164]. However, its
extension to sampling in state space (including robot posture and velocity) while
satisfying complex dynamic constraints (such as contact constraints and equations
of motion for floating-base robots) remains a challenging problem [165].
Optimization-based approaches on the other hand allow to easily formulate
constrained problems that include e.g. the dynamics model of a floating-base rigid-
body system and geometric contact constraints [29, 40]. These optimization problems
are able to describe the dynamic and kinematic interaction of every link and actuator
of the robot and can thus exploit the full robot’s capabilities to synthesize a wide
variety of motions [86, 87]. However, solving an optimization problem that considers
as dynamic model the equations of motion is a very challenging task for many
reasons, including high problem dimensionality, discontinuities due to intermittent
contacts, nonconvexities that make the optimizer prone to poor local minima from
where it is hard to recover, limited time budget to find a solution amenable for
execution on a robot, among others [55, 126].
Middle-ground approaches have also been considered [23, 96, 98, 146, 147].
Among them, the momentum dynamics model has [91, 93] has raised a lot of
attention [79, 84, 148], because it offers [79, 84, 148] sufficient conditions to plan
whole-body motions under the assumption of enough torque authority [84]. This
model allows the planning of complex behaviors [23, 98, 147], while at the same time
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it can be solved online to control a robot [32, 94]. [84] proposed for the first time to
formulate a trajectory optimization problem based on the kinematic and dynamics
side of the centroidal dynamics and was able to plan very complex and highly
dynamic motions, select contact sequences, timings and handle obstacle avoidance
constraints at orders of magnitude faster compared to approaches based on the
full equations of motion. [79] further proposed that the kino-dynamic problem can
be solved in an alternating fashion, where kinematic and dynamic variables are
optimized independently until convergence to a common set of variables.
The alternating formulation of whole-body kino-dynamic movement plans [79]
has thus opened the possibility of solving the kinematics problem by exploiting
highly developed algorithms for motion planning in complex environments [166,
167, 168, 169], capable of efficiently handling obstacle avoidance or nonlinear dy-
namic constraints. The algorithm proposed in this chapter belongs to the family of
optimization-based methods such as [29, 84, 168] and is built as a dedicated solver
for the kinematics’ side [79] of the trajectory optimization problem of floating-base
rigid-body systems. The contributions of the algorithm are as follows:
• It finds a locally optimal solution of the kinematics trajectory optimization
problem using a sequential convex formulation. The approach is capable
of generating a wide variety of whole-body motions satisfying kinematic
feasibility constraints (such as joint posture or velocity constraints as in [29,
84]) with the efficiency of a motion planning algorithm [168], but in addition
it also includes tracking objectives for dynamics momentum (computed from
contact wrenches) to ensure whole-body feasibility of the kino-dynamic
movement plans for floating-base systems.
• Typically, motion planning algorithms [166, 167, 168] handle nonconvex con-
straints such as those for obstacle avoidance without any difference from
others thus creating bigger and bigger problems which are difficult and ex-
pensive to solve. The proposed approach instead reformulates the problem in
a way inspired by distributed optimization [110], where soft-nonconvexities
(such as obstacle avoidance constraints) can be solved separately in small
distributed sub-problems, whose solutions can then be used in the main opti-
mization problem to bring an overall solution to consensus with distributed
ones. In summary, small distributed problems handle soft-nonconvexities
using a general nonlinear solver, and then the main optimization problem
makes use of these solutions to build an overall solution using an efficient
interior-point method for convex optimization.
• The capabilities and limitations of the algorithm are evaluated on several
multi-contact scenarios traversed by legged robots.
To sum up, the algorithm presented in this chapter for kinematics optimization
combined with the algorithm for dynamics optimization from chapter 3, is capable
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of generating whole-body motions that satisfy kinematic constraints such as joint
limits, as well as dynamic constraints such as those for friction force limits. This
is achieved by using the kino-dynamic formulation [79] that by exploiting the
separability of the momentum dynamics makes it possible to focus only on each
sub-problem and build a dedicated solver for it based on its mathematical structure.
The remainder of this chapter is structured as follows: Background material was
presented in section 1.6. In section 4.2 the motion optimization algorithm is detailed.
Experimental results are shown in section 4.3 and conclusions in section 4.5.
4.2 optimization of kinematic motion plans
This section will detail the proposed algorithm for kinematic motion planning (that
attempts to find a locally optimal solution of problem (5)) tailored for floating-base
rigid-body systems such as robots with arms and legs. The algorithm is based
on a sequential convex approximation of the problem and the reformulation of
soft-nonconvexities as way-points in obstacle-free configuration space.
The main goal of the kinematics optimization problem is to find a trajectory of
robot postures that satisfies the following conditions: good tracking of center of
mass, dynamic momentum and collision-free endeffector motion trajectories, and
the generation of smooth profiles of joints velocities and accelerations if possible. To
accomplish these objectives, the proposed approach will first find a sequence of robot
postures using an iterative inverse kinematics approach. Then, if required it will
update the sequence of postures so as to e.g. satisfy obstacle avoidance constraints,
improve smoothness of the solution, and achieve good tracking performance of the
desired robot’s dynamics momenta (computed from contact wrenches).
The next subsection will describe a typical iterative inverse kinematics approach
and how it is updated within the proposed formulation to obtain a first guess
of a locally optimal trajectory of robot postures. Then, the strategies to handle
soft-nonconvexities and a looking-ahead horizon will be introduced.
4.2.1 Finding a Local Trajectory of Robot Postures
In this subsection, first a standard iterative inverse kinematics algorithm is intro-
duced and then its updated version, capable of generating trajectories of robot
postures that satisfy the conditions required to synthesize consistent kino-dynamic
whole-body movement plans.
Algorithm 1 describes the basic procedure in which a standard iterative inverse
kinematics (IK) algorithm optimizes a movement trajectory [170]. It assumes a
desired motion in cartesian space for reference points is given (such as the center of
mass and endeffector trajectories for a legged robot) and resolves the configuration
in joint space that achieves as close as possible the reference cartesian trajectories.
The desired center of mass motion trajectory can be obtained e.g. as explained in
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Chapter 3, and endeffector trajectories by interpolating between contact locations
using way-points to guide the endeffector motion through obstacle-free spaces.
Algorithm 1 Standard Iterative Inverse Kinematics Algorithm
Given:
• Desired CoM rdest and endeffector pdese,t trajectories ∀e, t.
Initialize:
• qt = qnom, to nominal or initial robot’s posture.
• δt to the timestep for iterative inverse kinematics.
Optimize:
for t = 1, ..., T do
do
• Update desired cartesian motion velocities
r˙des =
1
δt
[
rdest − r(qt)
]
, p˙dese =
1
δt
[
pdese,t − pe(qt)
]
• Find robot velocity solving the optimization problem
min
q˙
Q(r˙des − JCoMq q˙) +∑
eff
Q(p˙dese − Jeffq q˙)
• Update posture qt with velocity q˙ during timestep δt.
while Q(r˙des) +∑eQ(p˙dese ) < e
end for
At each timestep t ∈ [1, T] of the movement trajectory, a standard iterative IK
algorithm computes the required center of mass r˙des and endeffector p˙dese velocities
that would move the robot from the current CoM r(qt) and endeffector pe(qt)
locations to the desired CoM rdest and endeffector p
des
e,t configurations. Then, using a
local approximation of the velocities at the current robot posture qt, the joint space
velocities are optimized so that they realize the desired cartesian space velocities.
Q(·) denotes a general quadratic penalty cost; JCoMq and Jeffq denote the CoM and
endeffector jacobians at the current robot posture, which is updated at each iteration
by integrating the optimized robot velocity q˙ over the timestep discretization δt. At
each timestep, the algorithm converges when the norm of the required velocities or
its rate of change is below a desired threshold e.
Further improvements to the basic algorithm have been proposed in the literature,
such as the introduction of redundancy resolution strategies via optimal control
principles [171] (very successful in humanoid robotics [172, 173]) or the use of
strictly prioritized tasks using hierarchies [174, 175, 176].
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The following optimization problem is an adaptation of the iterative inverse
kinematics algorithm 1, originally described in a differential form [170], to be used
in the proposed architecture for the construction of a sequence of kino-dynamically
consistent robot postures. It is applied at each timestep t for a number of iterations
k until its convergence to the desired tolerance level.
min
vt ,qkt ,q˙
k
t ,q¨
k
t ,h
k
t ,p
k
e,t
φkinreg(q
k
t , q˙
k
t , q¨
k
t ) + φ
kin
track
(
hkt − hdest
pke,t − pdese,t
)
(17a)
st.

qkt
pke,t
rkt
 =

qk−1t
pk−1e,t
rk−1t
+

vt
Jeffq vt
JCoMq vt
 δt (17b)
q˙kt =
1
∆t
[
qkt − qt−1
]
(17c)
q¨kt =
1
∆t
[
q˙kt − q˙t−1
]
(17d)[
lkt
kkt
]
= Aqq˙kt (17e)
qkj,t ∈ [qminj , qmaxj ] ∀j ∈ Rn (17f)
At each timestep t, the algorithm builds a sequence of length k + 1 of kinematic
solutions ([q0t , p
0
e,t], ... , [q
k
t , pke,t]) taking as starting point the kinematic solution
of the previous timestep ([q0t , p
0
e,t] = [qt-1, pe,t-1]) and as output the final kinematic
state ([qt, pe,t] = [qkt , pke,t]), such that the total robot velocity required to generate
the kinematic motion from [qt-1, pe,t-1] to [qt, pe,t] satisfies the kinematic limits and
produces the desired momentum and cartesian endeffector motion.
In this optimization problem, the algorithm starts from a previous solution
(qk−1t , p
k−1
e,t , r
k−1
t ), which can be modified using an instantaneous robot velocity
vt integrated during a small timestep δt to compose a new solution (qkt , p
k
e,t, r
k
t ),
as shown in equation (17b). The newly composed solution will be updated so as
to satisfy joint limit constraints (17f), and will be used to update total velocities
(17c), accelerations (17d) and generated robot momenta (17e) in such a way that
regularization of the state and tracking performance of the solution are improved
as desired by the objective function (see equation (17a)). For simplicity, quaternions
representing base orientations can be treated as 3D-vectors using logarithmic and
exponential transformations as needed [177]. ∆t, different from the small timestep
δt, corresponds to the total time elapsed between the solution at timestep t − 1
and the one at t. Despite not explicitly shown, constraints on joint velocities or
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acceleration could also be enforced if required, in the same way as for joint limits.
Finally, the algorithm converges when the norm of the robot velocity vt or the
difference between two consecutive solutions falls below a desired threshold.
4.2.2 Optimizing a Time-Horizon Trajectory
The last subsection presented an approach to obtain a sequence of robot postures
capable of satisfying the required conditions to generate a kino-dynamically con-
sistent whole-body motion. This subsection takes this approach one step forward,
in the sense that by making use of the previously found solution, it is capable of
constructing a kinematic motion based on a time-horizon trajectory optimization.
One of the advantages of this improvement is the capability to look ahead and thus
of considering actions for long-term optimality that can improve e.g. the tracking
performance of momentum trajectories or achieve smoother movement plans. This
algorithm starts from a previously found locally optimal solution k− 1 and, iter-
atively updates it to improve momentum tracking and smoothness of the motion
plan. Formally, the following problem is solved:
min
vt ,qkt ,q˙
k
t ,q¨
k
t ,h
k
t ,p
k
e,t
T
∑
t=1
φkinreg(q
k
t , q˙
k
t , q¨
k
t ) + φ
kin
cons
(
hkt − hdest
pke,t − pdese,t
)
(18a)
st.

qkt
pke,t
rkt
 =

qk−1t
pk−1e,t
rk−1t
+

vt
Jeffq vt
JCoMq vt
 δt (18b)
q˙kt =
1
∆t
[
qkt − qkt−1
]
(18c)
q¨kt =
1
∆t
[
q˙kt − q˙kt−1
]
(18d)[
lkt
kkt
]
= Aqq˙kt (18e)
qkj,t ∈ [qminj , qmaxj ] ∀j ∈ Rn (18f)
In this optimization problem, the algorithm starts from a previous solution (qk−1t ,
pk−1e,t , r
k−1
t ) such as the one obtained in the previous subsection, which can be
iteratively improved using an instantaneous robot velocity vt integrated during a
small timestep discretization δt to compose an updated solution (qkt , p
k
e,t, r
k
t ), as
shown in equation (18b). The newly composed solution is also subject to kinematic
constraints such as joint limits (18f), and is used to update total robot velocities (18c),
accelerations (18d) and generated momenta (18e) in such a way that the problem
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objectives are optimized for long-term optimality. These goals might include e.g.
smoothness of the solution and good tracking performance of desired quantities
such as momentum and endeffector motion trajectories (see equation (18a)).
So far, the algorithm described is capable of producing kinematic movement
plans considering actions for long-term optimality. It could be further improved
using slack variables [29] or soft-constraints [55] to enhance convergence properties
or ease the finding of a solution. However, it would still be difficult to handle soft-
nonconvexities, such as those present in obstacle avoidance constraints [178, 179] or
manipulability objectives [180], because the nonconvex nature of these constraints
and objectives as well as the problem’s dimensionality would make it hard to solve
such a problem. Under this setting, the following subsection presents an alternative
to consider soft-nonconvexities, yet to conserve computational efficiency.
4.2.3 Incorporating Soft-Nonconvexities
This subsection presents an approach in which soft-nonconvexities, such as non-
convex terms in the objective function (e.g. rewards for staying away from singular
configurations) or nonconvex inequality constraints (e.g. those for obstacle avoid-
ance), could be taken into account in a trajectory optimization problem. The main
idea of the approach, inspired on how distributed or consensus optimization meth-
ods find a solution to a given problem [110], is to reformulate the nonconvexities of
the kinematics trajectory optimization as independent separate problems, whose
solutions can then be used as way-points in configuration space that bias an overall
solution towards those that satisfy the nonconvex constraints.
For instance, to solve a problem with obstacle avoidance constraints, one could
reformulate them as way-points through obstacle-free configuration spaces for
the endeffector motion. The approach could for example iterate between 1) a
whole-body motion optimization that attempts to find an overall solution close
to the in configuration space given way-points that satisfy obstacle avoidance
constraints, and then 2) a set of smaller distributed problems for each endeffector
that search for a solution that satisfies the non-penetration obstacle avoidance
constraint for each endeffector and as close as possible to the overall solution (this
projection over the feasible manifold can even in some simple cases be performed
analytically [111]). Naturally, the first iteration of the whole body optimization
could be performed without considering obstacle constraints. Then, the algorithm
iterates until a convergence criteria is met such as finding a feasible solution.
Before presenting the proposed approach, in the following a parenthesis is made
to motivate the approach by explaining the way in which a consensus optimization
algorithm solves a problem.
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Consensus Optimization
A general optimization problem can be written as the minimization of a
cost f(x), subject to a set of i constraints, that denote the membership of the
optimization vector x to the possibly non-convex sets Si .
minx f(x)
st. x ∈ Si
=⇒ minx,zi f(x) +∑i gi(zi)
st. zi = x ∀i
In consensus optimization, each constraint x ∈ Si is replaced by the indicator
function gi(zi), which is zero if the constraint is satisfied and infinity other-
wise. Additionally, the variables zi are used to make the objective separable
and the consensus constraints zi = x are introduced to make the variables
x and zi agree upon convergence. Using this canonical form, a consensus
algorithm can be derived by minimizing its Augmented Lagrangian, given by:
L = f(x) +∑
i
(
gi(zi) + αTi (zi − x) +
ρ
2
‖zi − x‖22
)
where αi denote the dual variables of the consensus constraints, and the
quadratic terms robustify convergence. Out of the optimality conditions, the
following iterates for primal (x, zi) and dual variables (uj) can be obtained:
zk+1i ← argminzi
{
gi(zi) +
ρ
2
∥∥∥zi − xk + uki ∥∥∥22
}
, ∀i (19a)
xk+1 ← argminx
{
f(x) +
ρ
2 ∑i
∥∥∥zk+1i − x + uki ∥∥∥22
}
(19b)
uk+1i ← uki + zk+1i − xk+1 , ∀i (19c)
The form of these iterates is known as the scaled version of the algorithm,
because it makes use of the scaled dual variables ui =
αi
ρ . Notice that the
updates of consensus variables zi can be performed in parallel.
To sum up, a consensus method 1) benefits from parallel updates of its primal
variables zi (see equation (19a)) based on the projection of its desired value xk − uki
over its feasible manifold gi(zi). Then, 2) it updates the primal variable x (equation
(19b)) so as to minimize its objective f (x) selecting values close to zi + uki ∀i that
satisfy the constraints gi(zi). Notice that solving small distributed problems and
combining its solutions into an overall solution until consensus can be much less
computationally expensive than solving the joint problem. Also note that as this
first-order algorithm progresses, its iterates approach feasibility and its objective the
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optimal value; however the optimization vectors zi do not necessarily approach its
optimal value, but biased values xk − uki ; and thus the optimization vector x does
not converge to the optimal values.
What is very remarkable from this approach is the fact that it makes it possible to
formulate and solve an optimization problem in a different way and that by means
of this alternative way it is capable of building the solution for an optimization
problem that can incorporate soft-nonconvexities without the need of solving
the entire problem as a nonconvex one. In this way, part of the problem can be
solved exploiting its sparsity and convexity using a dedicated solver for convex
programming, and the other parts using a nonlinear nonconvex solver in the general
case. In particular, for the kinematics trajectory optimization problem, an overall
solution can be constructed by iterating between solving an instance of the whole-
body motion optimization problem as shown in section 4.2.1 or 4.2.2, and updating
the desired cartesian references for the endeffector motions such that they satisfy
obstacle avoidance constraints, as shown in the following.
An obstacle avoidance constraint can be expressed as the distance between an
obstacle and an endeffector position being greater than zero D(pobs, pe,t) ≥ 0. This
constraint has to be satisfied simultaneously for all timesteps and endeffectors. In
the proposed approach, they can be updated separately for each endeffector using
the following optimization problem:
min
qe,t
∑
t
Q(pe,t − qe,t)
st. D(pobs, qe,t) ≥ 0 ∀t
such that it finds the set of points qe,t that are the closest ones to pe,t through
which the original endeffector trajectories originally pass, but that satisfy obstacle
avoidance constraints. Notice that, the optimization problems that need to be solved
to find the points qe,t are still nonconvex, but smaller and can thus be solved faster
than a big single joint problem. Further, note that the whole-body motion trajectory
is then optimized so as to realize a collision free trajectory, which is much easier than
directly finding a collision-free trajectory within whole-body joint configuration
space. Notice as well that endeffector trajectories need to be updated only if there is
a collision. A similar procedure could be applied at each timestep to bias the robot
posture towards that one that maximizes the robot’s manipulability a a function of
the set of contacts.
To sum up, Figure 21 summarizes the algorithm for the optimization of a sequence
of robot postures that satisfy the requirements to generate consistent kino-dynamic
whole-body motions.
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Kinematics Trajectory Optimization
Nonconvex Constraints
Figure 21: Summary of the kinematics optimization algorithm: 1) whole-body trajectory op-
timization, and 2) reformulation of soft-nonconvexities as way-points in obstacle-
free configuration space.
4.3 experimental results
This section will present experimental results about the optimization of kinematic
movement plans using the algorithms previously described. Its capabilities and
limitations are tested in several multi-contact scenarios including several gaits for a
quadruped robot such as walking, trotting, galloping and many others.
4.3.1 On the Optimization of Kinematic Movement Plans
This section demonstrates the capabilities of the proposed algorithms at generating
whole-body kino-dynamically consistent motions. The algorithm of section 4.2.2
was used to optimize motions for the quadruped robot. Figure 22 shows a few
snapshots and gait graphs of these optimized gaits. Later, two motions will be
examined in detail: a transverse galloping motion (that involves simultaneous flight
phases for all endeffectors) and an acrobatic motion (where two endeffectors always
remain in contact and the other two have a flight phase).
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(f) Rotary Gallop
Figure 22: Examples of kino-dynamically movement plans: Several optimized gaits for a
quadruped robot are shown, including walk, trot, pace, canter, transverse- and
rotaty gallop. To the left, gait graphs display in color the flight phases of each
endeffector during one stepping cycle. BR denotes the back-right foot, BL the
back-left foot, FR the front-right foot, and FL the front-left foot. To the right,
snapshots of the optimized movement plans during a gait cycle are shown.
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Figure 23: Whole-body motion and contact force trajectories of a transverse galloping move-
ment. A full description of the plots in this figure are given in section 4.3.1.1.
4.3.1.1 Transverse Galloping Motion
This section analyzes a galloping motion, which is a very fast and dynamic move-
ment and thus allows to test the capabilities of the approach proposed in section
4.2.2 at generating whole-body motion trajectories consistent with the required
dynamic momentum (computed from gravitational and external contact wrenches)
in a very challenging motion. A galloping motion is a gait that involves flight phases
for three and four endeffectors simultaneously with only short stages where at most
there are two endeffectors simultaneously in contact. Figure 22e depicts its gait
graph, where flight phases are visualized in color for each endeffector, while stance
phases in white color along a gait cycle.
Figure 23 shows optimization results for a transverse galloping motion with flight
phases for all endeffectors simultaneously, as well as its corresponding momentum
trajectories normalized by the robot mass. The top three rows show the matching of
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Figure 24: Comparison of joint velocities in a kinematic optimization that does and does
not consider a time-horizon. BR denotes the back-right endeffector foot, BL the
back-left foot, FR the front-right foot, and FL the front-left foot. While HFE
denotes the hip-flexion-extension joint and KFE the knee flexion-extension joint.
momentum trajectories computed kinematically and dynamically. The Y direction
is for forward motion, Z for upward-downward movements and X the transversal
direction around which base and joints rotate generating angular momentum.
Vertical forces for all endeffectors (normalized by the robot weight) as well as
optimal durations of timestep discretizations are shown in the two bottom plots.
Notice that momentum trajectories DynMom computed from dynamic quantities
(external and gravitational forces) and KinMom computed from kinematic quantities
(robot postures and velocities) can be brought to agreement, despite the dynamic
motion being very hard to optimize. Key elements for the algorithmic convergence
are the ability of the dynamics optimizer to adapt timestep discretizations during
stance and flight phases, as well as the ability of the kinematics optimizer to consider
a time-horizon when updating the trajectories of robot postures and velocities.
Notice as well in Figure 24 that an additional benefit of considering a sequential
convex approximation of the time-horizon kinematic optimization problem is that
the degree of smoothness in joint trajectories can be improved, leading to motion
trajectories that are potentially easier to track and execute.
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Figure 25: Whole-body motion and contact force trajectories of an acrobatic movement
where the quadruped robot stands in only two feet. A full description of the plots
in this figure are given in section 4.3.1.2.
4.3.1.2 Acrobatic Motion - Standing in Two Feet
The acrobatic motion, as the previous one, is also a fast and dynamic movement. In
this motion, the quadruped robot keeps always its front feet in contact, while the
other two are lifted up simultaneously. To this end, the robot moves its center of
mass forward close to the line formed by the front feet and adapts the timings in
which the motion is performed, so as to generate a consistent whole-body motion.
Figure 25 displays the optimization results for an acrobatic motion where the
quadruped robot stands in only two feet. In the top three rows, momentum tra-
jectories computed kinematically and dynamically are shown. The Y direction is
for forward motion, Z for upward-downward movements and X the transversal
direction around which base and joints rotate generating angular momentum. Verti-
cal forces for all endeffectors (normalized by the robot’s weight) as well as optimal
durations of timestep discretizations are shown in the two bottom plots. Figure 25
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Figure 26: Snapshots of an acrobatic movement.
Figure 27: Execution on physical simulator of obstacle avoidance task.
shows the matching of kinematic and dynamic momentum trajectories (normalized
by the robot’s mass). Note that endeffector contact forces are equal for front and
back feet because of the symmetry of the motion. It is worth mentioning that being
able to optimize over time, helps to reduce the values of momentum that need to be
kinematically generated (for instance, by reducing the flight time for getting up or
down), and optimizing over a horizon makes it easier to find such a kinematic tra-
jectory able to generate the desired momentum. Finally, Figure 26 shows snapshots
of the motion.
4.3.1.3 Obstacle Avoidance Task
This section shows a task where a humanoid robot plans and executes a motion
where it needs to get out of a box and thus needs to appropriately decide on the
endeffector trajectories that will allow it to generate the motion without colliding
with the environment. It does so by combining its ability to discover a motion
(section 4.2.1) and avoid obstacles (section 4.2.3) Snapshots of this simple yet
exemplary motion are visible in Figure 27 and show the proposed approach’s ability
to find a collision free motion.
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Figure 28: Statistics about the relative time required to solve a kinematics optimization
problem in comparison with the time required to solve the corresponding time-
optimal dynamics optimization problem of the same size as well as the achieved
levels of precision to kinematic feasibility upon convergence.
4.3.2 Solving Time and Convergence
This section presents statistics about the required time to solve a kinematics optimiza-
tion problem and the achieved values of precision upon algorithmic convergence.
Figure 28 summarizes these two results.
To the left, it shows statistics about the relative time required to solve a kine-
matics optimization problem in comparison with the time required to solve the
corresponding time-optimal dynamics optimization problem of the same size. For
instance, for kinematic optimization problems that consider a time-horizon of 200
timesteps, the solving time is twice the time required to solve a dynamics trajectory
optimization problem of the same size. To the right, this figure shows the errors in
kinematic feasibility achieved once the algorithm has converged, i.e. the difference
between the center of mass an momentum trajectories generated by a kinematics
and a dynamics optimization problem. To generate these statistics, the problems
solved include those in Figure 22 and Figure 26, which are 7 in total. Out of these
optimized motions, the best and worst outlier results were removed and then the
rest of samples were averaged to generate the results shown.
Notice that since the motions used to generate the statistics using the algorithm
described in section 4.2.2 are still simple in terms of obstacle avoidance constraints,
the algorithm only requires one pass. Also note the tendency that the time required
to solve a kinematics trajectory optimization problem is more expensive than the
time required to solve the time-optimal dynamics optimization problem, around
twice as much expensive. However, it only required one iteration of kino-dynamic
alternation with fixed contacts to find a solution to the described levels of precision.
The implementation of the kinematics optimizer was done based on the fast analyti-
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cal derivatives of rigid body algorithms provided by [181]. It is worth highlighting
that the algorithm described in section 4.2.1 is less computationally expensive and
is still able to generate solutions that converge to the desired precision of kino-
dynamic feasibility; however more kino-dynamic iterations might be required to
converge to a solution easily executable on a physical simulator.
4.4 discussion
The presented experiments have shown that the proposed approach for kinematics
optimization is capable of synthesizing a whole-body motion trajectory that satisfies
the constraints for kinematic feasibility as well as the momentum tracking objectives
required to generate a kino-dynamically consistent movement plan.
From a computational point of view, the algorithm, as shown in the experimental
section, scales to complex and large optimization problems. It is built based on the
implementation of an interior-point method (based on [104]). This method works
well for solving the problems described in section 4.2.2. However, to obtain an initial
solution based on the method described in section 4.2.1 there are alternatives that
should work faster. For instance, an interior point method cannot be warm-started
as an active set one [182], which could be extensively exploited in this problem
given its sequential nature to significantly speed up it solution.
In comparison with other approaches, the proposed method is a middle-ground
one between: on the one hand, very flexible but also computationally costly methods
based on the dynamics description of a rigid-body system [29, 55, 84] and on the
other, faster methods for kinematic optimization of fixed-base manipulator trajecto-
ries [168, 169]. Thus, the proposed method offers a trade-off between flexibility or
diversity of motions that can be synthesized and the time required to find such a
solution. It is hard to justify the computational advantages of solving this problem in
a distributed manner, given the limited number of experiments performed. But, the
vision is to incorporate e.g. other optimization criteria such as the maximization of
manipulability of center of mass and endeffectors [180] at given contact poses, and
in cases like this, the distributed nature of the algorithm would come in very handy,
as some problems could be independently solved and its information incorporated
into a consensus problem, which is less computationally expensive to solve than a
joint trajectory optimization one.
4.5 conclusion
This chapter has presented a structured and efficient algorithm for kinematic plan-
ning of whole-body motions, and has shown experimental evidence that evaluates
its performance at generating a variety of motions in several multi-contact scenarios
traversed by a legged robot.
Chapter5
F E E D B A C K C O N T R O L D E S I G N
Abstract
The physical interaction of robots with an uncertain environment through contacts
is at the heart of many robotic applications. Environmental uncertainty can happen
in the form of external disturbances (noise in the process model), but can also
come from the lack of precise knowledge of the world (noise in the measurement
model). Typically, feedback controllers ignore these noise statistics, which is a
reasonable assumption for systems under low noise levels; however, a strategy able
to reason about noise and the cost of this uncertainty would be more appropriate
for systems under large noise intensity. Taking this observation into account, this
chapter presents a feedback control architecture for a humanoid robot that exploits
the kino-dynamic nature of movement plans using the superposition property
of impedances to optimally execute whole-body motions, and furthermore, the
proposed architecture can benefit from the use of feedback controllers sensitive to
measurement noise to synthesize locally-optimal policies, whose compliance is a
function of the uncertainty. The algorithm for risk-sensitive control exploits in the
first place an exponential transformation of the performance criteria to synthesize
policies that do not only optimize the expected value of the performance criteria,
but also its higher order moments (cost of uncertainty), and second it includes the
dynamics of an observer in such a way that the control law explicitly depends upon
the covariance of estimation errors and process noise. Experimental results will
show that high measurement uncertainty leads to low impedance behaviors, a result
in contrast with the effects of process noise that creates stiff behaviors. Simulation
results on a humanoid robot will also show the benefits of the proposed architecture
over traditional approaches to control a humanoid robot that physically interacts
with the environment under uncertain contact locations.
Note:
The contents of this chapter constitute an extended version of the conference paper [129].
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Figure 29: Control diagram of a humanoid robot emphasizing where an how the two sources
of uncertainty considered (process and measurement noise) enter the system. h
denotes the robot’s dynamic state (center of mass and centroidal momentum) and
q, q˙ denote the robot’s kinematic state (posture and velocity); subscripts denote
measured, estimated, planned and initial states. The impedance controller (feed-
back control architecture) is composed by 1) noise-sensitive feedback controllers
that define a control policy to optimally realize desired kinematic and dynamic
movement plans coming from a high-level planner, and 2) by an inverse dynamics
controller that maps desired kino-dynamic behaviors to robot torques τj via a
convex constrained optimization problem that satisfies all physical constraints.
5.1 introduction
One of the key elements in the way to fulfill the vision of robots that achieve human
levels of competence at movement generation and control is the ability to safely
interact with a dynamic environment by optimally adapting to its uncertainty. In this
spirit, this chapter on the one hand proposes a feedback control architecture for the
successful execution of kino-dynamic behaviors and on the other it studies the effect
of considering measurement uncertainty upon the compliance or stiffness behavior
of control policies in optimal control problems that involve contact interactions.
Figure 29 shows examples on a humanoid robot of the two sources of uncertainty
analyzed in this chapter. First, external disturbance forces physically perturb the
robot (as noise in the process model) and thus have a direct influence over its
dynamic evolution. The goal of an impedance controller is then to scale down its
effects by using a certain level of stiffness. Secondly, uncertainty in the belief about
the robot’s state inferred from noisy sensor readings (noise in the measurement
model) has no direct effect over the system actuation, but instead it influences
the decision making process of how control signals are selected based on the
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uncertain knowledge about the robot’s state. For instance, in a hand-reaching task
that involves an uncertain distance to the contact location due to visual noise, the
reaching motion would require a gentle touch instead of an aggressive approach in
order not to cause any self-harm.
As it will be shown within the experimental section, in general an increase in the
magnitude of an external disturbance implies and increment of the robot’s stiffness
to maintain the desired tracking accuracy, while an increase in the magnitude of the
uncertainty level on a measurement implies an increment on the level of compliance.
Then, the distinction between the two sources of uncertainty examined in this chap-
ter is very important, as it brings to mind the idea of modeling contact interactions
between a humanoid robot and its uncertain environment (a fundamental problem
in robotics [1]) as an optimal control problem with measurement uncertainty, out
of which optimal impedance behaviors can be synthesized as a function of the
uncertainty about the environment.
5.2 related work
This section presents related works and discusses how the proposed architecture
for feedback control distinguishes itself from other state-of-the-art techniques.
Optimal control approaches based on Bellman’s Principle of Optimality [36],
such as iterative Linear-Quadratic Gaussian (iLQG) [65] or Differential Dynamic
Programming (DDP) [31, 39, 68], are very important in robotics due to its success
at synthesizing complex motions for large dimensional systems [30, 66, 67]. These
methods combine the benefits of a local method (as they maintain a single nominal
trajectory) with those of a global method (as they improve the nominal trajectory
iteratively along its neighborhood based on the optimality principle), which allows
them to overcome to some extent the curse of dimensionality [63] of a global method
and remain computationally efficient as a local one. The algorithm used in this
chapter for the synthesis of feedback control policies belongs to this family with the
added benefit that it can take into account and reason about measurement noise.
Generally speaking, these methods estimate the solution of the underlying non-
linear problem by iteratively solving a Taylor approximation of it [67, 68, 69, 183].
The linear (in the dynamics) and quadratic (in the cost) nature of this local problem
description makes it possible to find solutions efficiently using a computationally
tractable algorithm. However, this local approximation also poses limitations such
as ignoring the effects of noise over the cost and dynamics, because it only considers
the mean of a performance measure (expected value of a quadratic cost) for systems
under purely additive noise, for which the solution of stochastic and deterministic
problems is the same (Certainty Equivalence Principle). In other words, the esti-
mator takes care of uncertainty by itself and control design is independent from
noise. The Certainty Equivalence Principle is reasonable for systems under low
noise levels; however, the same is not necessarily true for systems with large noise
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intensity where an approach sensitive to noise and the cost of this uncertainty
would be more appropriate. This reasoning leads us to favor risk- or noise-sensitive
approaches over neutral ones within the proposed architecture for feedback control.
Furthermore, risk-sensitive approaches provide robustness guarantees such as a
small gain theorem and a stochastic robust stability result [184].
Risk-sensitive methods capture the effects of uncertainty upon controls by inval-
idating the assumptions of the Certainty Equivalence Principle [185]. They make
use of formulations that preserve the computational efficiency, but at the same time
make controls dependent on statistical properties of the noise. For instance, [65,
71, 72] proposed to consider multiplicative noise in the process and measurement
model parameters to study movement and control of a bio-mechanical arm where
muscle models included multiplicative noise. Other different approaches exits [186],
but the one taken in this chapter is the use of a non-quadratic performance criteria,
able to capture noise effects on higher order statistics of the performance criteria.
Starting from a LQG controller (linear dynamics, quadratic cost and Gaussian
additive noise), [70] introduced a method to consider higher order statistics of
the cost by using an exponential transformation of the original quadratic perfor-
mance criteria, and named it Linear-Exponential Gaussian (LEG). A LEG controller
explicitly depends on process noise statistics, and is thus similar to LQG at low
noise levels, but greatly differs as noise becomes larger. [73] extended the idea
to nonlinear systems using an iterative method and illustrated risk-seeking and
risk-averse behaviors in a continuous-time car on a cliff problem. Further, [187]
presented a unified theory of linearly solvable control including both standard and
risk-sensitive stochastic optimal control (SOC) problems for systems under process
noise.
Later [74, 75, 76] considered systems under measurement noise and were able
to find finite dimensional controllers in two special cases: when the objective
depends only on the final state and when there is no process noise. A general
solution of the SOC problem with measurement uncertainty was proposed in [77]
for continuous time and in [78] for discrete time. The results in these works rely on
the novel definition of risk-sensitive estimators (similar in spirit to noise-sensitive
controllers), but for which it is not clear how the new mathematical construction of
the estimators will affect in practice the control of a humanoid robot. For this reason,
the architecture proposed in this chapter favors the formulation presented in [129],
where measurement noise-sensitive controllers can be derived without redefining
estimators. In this approach, as in [73], the nonlinear problem is sequentially
approximated and risk-sensitive controllers are designed for the problem’s Taylor
approximation. However, to consider the effects of measurement uncertainty, it
makes use of an extended dynamical system composed of the control and estimation
problems [188, 189, 190]. The proposed approach limits the amount of information
available for constructing the control policy to statistics that can be captured in the
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state estimate (mean and variance), but gains flexibility at defining the performance
criteria and can capture simultaneously process and measurement noise.
The architecture for feedback control presented in this chapter is based on the
previous problem formulations [23, 129], and presents the following contributions:
• A theoretical extension of recent work on risk-sensitive control [73] to con-
struct feedback control laws that explicitly depend on statistical properties of
measurement uncertainty by incorporating a state observer.
• The successful application of the proposed formulation to track and control
the execution of kino-dynamic movement plans on a simulated humanoid
robot shows that 1) the approach can optimally adapt impedance behaviors to
traverse uncertain terrains (favorably suggesting that contact interaction tasks
could be better formulated as optimal control problems with measurement
uncertainty) and 2) that the proposed architecture for feedback control design
with sensitivity to measurement uncertainty is applicable to high-dimensional
robotic systems, which is generally not the case for noise-sensitive algorithms.
Section 5.3 presents background material for the synthesis of risk-sensitive feed-
back controllers for systems under process noise [73] and formulates in a general
way the problem of interest including measurement uncertainty. Section 5.4 re-
minds the algorithm for noise-sensitive feedback control. Finally, in Section 5.5
the proposed architecture for feedback control and stabilization of kino-dynamic
motion plans is discussed. Section 5.6 presents experimental results including the
stabilization of optimal motions in a physically simulated humanoid robot. Finally,
discussion and conclusions of this chapter are presented in Sections 5.7-5.8.
5.3 problem formulation
This section presents the formulation of the optimal control problem with process
and measurement noise considered in this chapter as well as recalls previous
results [70, 73] useful to understand the derivation of the proposed algorithm.
The following stochastic differential equations (SDE’s) define the dynamical
evolution of the state and measurement models of a general nonlinear system:
dx =f(x, u)dt + gx(x, u)dω (21)
dy =h(x, u)dt + gy(x, u)dγ (22)
Let x ∈ Rn, u ∈ Rm and y ∈ Rp be state, control and measured output; dω, dγ
zero-mean Brownian motions with covariance Ωdt, Γdt respectively. f(x, u) and
h(x, u) denote the drift coefficients or deterministic components of process and
measurement models; and gx(x, u), gy(x, u) denote the diffusion coefficients of
process and measurement models that encode the problem’s stochasticity.
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In optimal control, usually the objective consists in minimizing the performance
criteria J pi , which is a functional of the control policy u = pi(x):
J pi(x, t) = Φ f (xt f ) +
∫ t f
t
L(xt, ut, t)dt (23)
where L(xt, ut, t) denotes the rate at which cost increases and Φ f (xt f ) the measure
of performance at the final time t f and state xt f . In general, the mean of the
performance criteria E[J pi ] would be minimized; however, this is not enough to
analyze the effects of uncertainty upon optimal control policies, as a term is required
within the performance measure to capture the cost due to uncertainty. Tools from
the risk-sensitive control literature make this possible as they allow to include higher
order statistics of the performance criteria J pi in the optimization of control policies,
e.g. via an exponential transformation of the original performance criteria [70]. The
risk-sensitive cost would then be given by the following expression:
J = min
pi
E{exp[σJ pi ]} (24)
J pi can be considered as a random variable functional of the control policy u = pi(x);
σ ∈ R is the risk-sensitive parameter; E the expectation operator; and finally J
denotes the risk-sensitive cost that corresponds to the moment generating function,
an alternative specification of the probability distribution of the random variable
J pi [191]. The rest of this section reminds two previous results from [70, 73]
useful to the architecture proposed in this chapter: the meaning of the exponential
transformation of the performance criteria and the form that the Hamilton-Jacobi-
Bellman (HJB) equation takes under this exponential transformation.
Meaning of the Exponential Transformation
It has been shown [73] that the logarithmic transformation of the risk-sensitive cost
is proportional to a linear combination of the moments of the objective J pi
log [J] ∝ E[J pi ] + σ
2
µ2[J pi ] + σ
2
6
µ3[J pi ] + · · · (25)
where µ2, µ3 denote second (variance) and third (skewness) order moments of J pi ,
respectively. The parameter σ defines the role of higher order moments either as a
penalty or a reward, which give rise to risk-averse or risk-seeking behaviors. Positive
values of σ imply that control effort can be increased to narrow confidence intervals.
The lower the value of σ, the lower the weight given to higher moments and thus
the wider the confidence intervals. For negative σ, strong control effort is avoided
in the presence of poor information (high variance), higher order moments even act
as a reward leading to risk-seeking solutions.
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Hamilton-Jacobi-Bellman (HJB) Equation under the Exponential Transformation
Another important result [73] is the form taken by the Hamilton-Jacobi-Bellman
equation under the exponential transformation. Under only the process model
dynamics of eq. (21) and objective function given by (23)-(24), it takes the form:
−∂tΨ = minut
{
L +∇xΨTf + 12 Tr
(
∇xxΨgxΩgxT
)
︸ ︷︷ ︸
Usual HJB equation
+
σ
2
∇xΨTgxΩgxT∇xΨ︸ ︷︷ ︸
Term due to uncertainty
}
(26)
The value function Ψ is a function of state x and time t, that satisfies eq. (26). It is
composed by the usual HJB eq. for a stochastic system with cost rate L due to the
current state and control, the free drift and control benefit costs, and the diffusion
cost where noise enters the system but without effect upon controls. The new term
due to uncertainty captures the effects of noise over the statistical properties of the
cost and because it is a function of the state and noise, it makes controls explicitly
dependent on the process noise covariance Ω. For σ = 0, the problem reduces to
the minimization of the expected value of the performance criteria E[J ] (25)-(26).
It is worth highlighting once more that these results model only process noise.
Problem Statement
Finally, the problem definition can be stated as follows: Under the state and mea-
surement dynamics (eqns. (21)-(22)), and risk-sensitive cost to be minimized (eqns.
(23)-(24)), the goal is to find the optimal control law pi∗ that minimizes the cost
Jpi(x0, t0) for the stochastic system in the presence of additive process and mea-
surement noise. The globally optimal control law pi∗(x, t) does not depend on an
initial state. However, finding it is in general intractable. Instead, it suffices to find
a locally-optimal solution that approximates the global one in the vicinity of a
nominal trajectory xnt . Since the nominal trajectory depends on the system’s initial
state, so does the control law. Note that this formulation differs from the one used
in the previously shown results [73], because it includes a measurement model;
however, it will be shown that it is still possible to exploit these results under a
suitable reformulation.
5.4 algorithmic derivation
This section’s goal is to describe how a measurement model is included into the
problem in such a way that results on risk-sensitive control with process noise [73,
187] can be used to derive feedback controllers for problems with measurement
uncertainty. The main idea is to extend the state dynamics (21) with the dynamics
of a state estimator (22) and by means of a forward propagation of measurement
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uncertainty along a nominal trajectory to precompute optimal estimation gains. This
allows then the use of standard techniques to compute backwards in time optimal
feedback controllers [68] for the composite system (state and state estimate dynam-
ics). The rest of this section presents a detailed derivation of the continuous time
algorithm, as well as its formulation in discrete time for computational purposes.
5.4.1 Continuous-Time Algorithm
At each iteration, the algorithm begins with a nominal control sequence unt and
the corresponding zero-noise state trajectory xnt , obtained by applying the control
sequence to the system through the dynamics x˙ = f(x, u) with initial state x(0) = x0.
Then, following standard iterative control approaches [68, 69], a linear dynamics
approximation and a quadratic cost approximation are composed along the nominal
trajectories xnt and u
n
t , in terms of control and state deviations δut = ut − unt ,
δxt = xt − xnt . Linearized dynamics and measurement models evaluated along the
nominal state and control trajectories xnt , u
n
t then become:
d(δxt) =(Atδxt + Btδut)dt + Ctdωt (27)
d(δyt) =(Ftδxt + Etδut)dt + Dtdγt (28)
The system’s matrices are defined as follows:
At = ∂f(x, u)/∂xT |xnt ,unt Bt = ∂f(x, u)/∂uT |xnt ,unt Ct = gx(x, u)|xnt ,unt
Ft = ∂h(x, u)/∂xT |xnt ,unt Et = ∂h(x, u)/∂uT |xnt ,unt Dt = gy(x, u)|xnt ,unt
Similarly, a general quadratic approximation of the cost J can be written as:
˜`(x, u, t) =qt + qTt δxt + r
T
t δut +
1
2
δxTt Qtδxt + δx
T
t Ptδut +
1
2
δuTt Rtδut (29)
˜` f (x) =q f + qTf δxt +
1
2
δxTt Q f δxt (30)
By including the dynamics of a state observer (22) within an extended dynamical
system composed of the control and estimation problems, noise of the measurement
model is explicitly considered when computing the optimal control law and previous
results can be extended, while remaining computationally efficient. The observer
could in principle be of any type, but for simplicity an Extended Kalman Filter
(EKF) is used in the following derivation. Its dynamics are given by:
d(δxˆt) =(Atδxˆt + Btδut)dt + Kt[d(δyt)− d(δyˆt)]
More compactly, the control-estimation dynamics of the extended dynamical system
(composed by state and state estimate dynamics) can be written as:
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Optimal Estimation Problem
min
K
N 1X
k=1
Q(xk   xˆk)| {z }
Estimation Cost
st. xˆk+1 = Axˆk + Buk +K
iF(xk   xˆk) + KD k
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Figure 30: This figure depicts the proposed approach to approximate a solution for the
combined control-estimation problem for the discrete case.
[
d(δxt)
d(δxˆt)
]
︸ ︷︷ ︸
d(δx˜t)
=
[
Atδxt + Btδut
Atδxˆt + Btδut + KtFt(δxt − δxˆt)
]
︸ ︷︷ ︸
f˜(δx˜t ,δut)
dt +
[
Ct 0
0 KtDt
]
︸ ︷︷ ︸
g˜(t)
[
dωt
dγt
]
(31)
where δxˆt is the estimate of δxt, and δx˜t represents the vector [δxt, δxˆt]. Eq. (31)
is bilinear in Kt and δx˜t. Below, a detailed derivation is shown. However, the
algorithm’s main idea is to use this special problem structure to iteratively find a
solution. It first forward propagates measurement noise and computes estimation
gains Kt along the nominal trajectory. Then, using fixed estimation gains, it does
a usual backward pass to compute feedback controllers [68, 69]. This eases the
design of a locally optimal estimator and controller, while still considering the
effects of process and measurement noise. As can be easily noticed, f˜(δx˜t, δut) and
g˜(t) correspond to what in (26) was called f and gx respectively. However, now they
include measurement noise by incorporating the dynamics of the state estimator.
Figure 30 graphically depicts a simple sketch on how the proposed approach
approximates a local solution for the combined control-estimation problem. Because
it is linear in the states x, xˆ, or in the estimation gains K, but not in both due to
its nonconvex bilinear nature, an iterative approach is used to exploit this fact
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by decomposing the combined problem into two linear more easily solvable sub-
problems, but that are still capable of finding a local solution for the combined
problem. The optimal control problem is solved using its cost plus an additional
one that regularizes new optimal trajectories towards previous ones (to remain close
to the region of validity of the dynamics linearizations and estimation gains). As
constraint it makes use of a dynamics model linear in its states given the fact that
estimation gains Ki−1, output of the optimal estimation problem, are considered
fixed here. The optimal estimation problem as usual tries to minimize the outer
product of the error dynamics between the state and state estimate (xk − xˆk). The
constraints used are the usual definitions of the dynamics models. It would be
possible to solve the estimation problem along the entire state trajectory to exploit
all the available information [192]; however, this approach approximates its solution
by a sequence of minimizations at each timestep that fall back to estimation by
means of the well known Extended Kalman Filter. In the optimal estimation problem,
its cost acts also as a regularization term towards the solution of the control problem,
and thus this common consensus cost supports the algorithm convergence.
5.4.1.1 Estimator Design
An Extended Kalman Filter in continuous time is used for simplicity. Note however
that other estimators could be used as long as it is possible to extract a sequence of
estimation gains from them [193]. In this EKF, the main idea is to find the gain Kt
that minimizes the expected outer product of the error dynamics between state and
state-estimate dynamics [123]. Error dynamics are given by:
d(δet) = d(δxt)− d(δxˆt)
= Atδetdt + Ctdωt −Kt[d(δyt)− d(δyˆt)]
= (At −KtFt)δetdt + Ctdωt −KtDtdγt
Then, the optimal estimation gains that minimize
Σ˙et =E[d(δet)d(δet)
T ]
=(At −KtFt)Σet + Σet (At −KtFt)T
+ KtDtΓtDTt K
T
t + CtΩtC
T
t (32)
are given by
Kt =Σet F
T
t (DtΓtD
T
t )
−1 (33)
They are updated at each iteration in a forward pass along the nominal trajectories,
and are then fixed for the backward pass. In this way, the combined estimation and
control system (31), is linear in δx˜t and δut, which allows to make use of the HJB Eq.
(26) to compute a control law pi sensitive to both process and measurement noise of
the original system. For notational convenience the following shortcuts are used in
the rest of this section: αt = CtΩtCTt and βt = KtDtΓtD
T
t K
T
t .
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5.4.1.2 Controller Design
The locally-optimal control law is an affine function of the state estimate δut = lt +
Ltδxˆt. The HJB equation for this system that allows to derive control laws is given by
(26) (just remember that f and gx correspond now to f˜ and g˜ respectively), the cost
by (29)-(30) (remember that the HJB equation under the exponential transformation
is used; thus, the cost need not to be exponentiated), and the dynamics by (31). The
Ansatz for the value function Ψ(δx˜t, t) is a quadratic form
Ψ(δx˜t, t) =
1
2
[
δxt
δxˆt
]T [
Sxt S
xxˆ
t
Sxˆxt S
xˆ
t
] [
δxt
δxˆt
]
+
[
δxt
δxˆt
]T [
sxt
sxˆt
]
+ st
and the partial derivatives of the Ansatz Ψ are given by
∂tΨ =
1
2
[
δxt
δxˆt
]T [
S˙xt S˙
xxˆ
t
S˙xˆxt S˙
xˆ
t
] [
δxt
δxˆt
]
+
[
δxt
δxˆt
]T [
s˙xt
s˙xˆt
]
+ s˙t
∇δx˜Ψ =
[
Sxt S
xxˆ
t
Sxˆxt S
xˆ
t
] [
δxt
δxˆt
]
+
[
sxt
sxˆt
]
∇δx˜δx˜Ψ =
[
Sxt S
xxˆ
t
Sxˆxt S
xˆ
t
]
Right super-scripts x and xˆ for S and s denote that they are sub-blocks that
multiply x and xˆ, respectively. Under the assumed linear dynamics and quadratic
cost and value function, the HJB equation can be written as follows: The left-hand
side (LHS) corresponds to the time derivative of the value function and is given by
− 1
2
δxTt S˙
x
t δxt −
1
2
δxˆTt S˙
xˆ
t δxˆt − δxTt S˙xxˆt δxˆt − δxTt s˙xt − δxˆTt s˙xˆt − s˙t
and the right-hand-side (RHS) corresponds to the following minimization
= min
δut
{
qt + qTt δxt + r
T
t δut +
1
2
δxTt Qtδxt + δx
T
t Ptδut +
1
2
δuTt Rtδut
+ (Sxt δxt + S
xxˆ
t δxˆt + s
x
t )
T(Atδxt + Btδut)
+ (Sxˆxt δxt + S
xˆ
t δxˆt + s
xˆ
t )
T(Atδxˆt + Btδut + KtFt(δxt − δxˆt))
+
σ
2
(Sxt δxt + S
xxˆ
t δxˆt + s
x
t )
Tαt(Sxt δxt + S
xxˆ
t δxˆt + s
x
t ) +
1
2
Tr (Sxt αt)
+
σ
2
(Sxˆxt δxt + S
xˆ
t δxˆt + s
xˆ
t )
Tβt(Sxˆxt δxt + S
xˆ
t δxˆt + s
xˆ
t ) +
1
2
Tr
(
Sxˆt βt
)}
86 feedback control design
In order to perform the minimization of the right-hand side expression above, its
control dependent terms need to be analyzed. They are given by:
Vδut =
1
2
δuTt Rt︸︷︷︸
Ht
δut + δuTt
(
rt + BTt
(
sxt + s
xˆ
t
)
︸ ︷︷ ︸
gt
+
(
PTt + B
T
t
(
Sxt + S
xˆx
t
))
︸ ︷︷ ︸
Gxt
δxt + BTt
(
Sxxˆt + S
xˆ
t
)
︸ ︷︷ ︸
Gxˆt
δxˆt
)
The above expression is quadratic in the controls δut and is thus easy to minimize.
However, the minimum depends not only on the state estimate δxˆt, but also on
the state δxt. The algorithm presented in this chapter assumes however not to have
access to full state information, but only to a statistical description of it, given
by the state estimate. Therefore, in order to perform the minimization above, the
expectation of Vδut over δxt conditioned on δxˆt is taken.
Eδxt |δxˆt
[
Vδut
]
=
1
2
δuTt Htδut + δu
T
t (gt + (G
x
t + G
xˆ
t )δxˆt)
This means that the cost of uncertainty due to measurement noise, considers only
the effects of mean and variance of the measurement (captured by the EKF) when
evaluating noise effects on the statistical properties of the performance criteria.
Consequently, the risk-sensitive control law, considers only as cost of measurement
uncertainty the one that can be computed by means of the state estimate, i.e. the
one that can be extracted from using mean and variance of the state estimate and
neglecting higher order terms. From the above expression, the minimizer can be
analytically computed. In case of control constraints, a quadratic program can be
used to solve for the constrained minimizer [31]. In both cases, the minimizer is an
affine functional of the state-estimate. For the unconstrained case, it is given by
δut = lt + Ltδxˆt = −H−1t gt −H−1t (Gxt + Gxˆt )δxˆt (34)
Vδut can then be written in terms of the optimal control as
Vδu∗t =
1
2
δxˆTt
(
Gxt
TH−1t G
x
t −Gxˆt TH−1t Gxˆt
)
δxˆt−
δxTt G
x
t
TH−1t (G
x
t + G
xˆ
t )δxˆt −
1
2
gTt H
−1
t gt−
δxTt (G
x
t )
TH−1t gt − δxˆTt Gxˆt
T
H−1t gt
The negative coefficients in the terms of Vδu∗t are the benefit of control at reducing
the cost. It should be noted that even setting measurement noise to zero does not
give a control law equivalent to what was found in [73]. It should be clear from
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(34) that mathematically they are not the same. However, it is worth pointing out
that, [73] considers neither measurement noise, nor the combined effect of process
and measurement noise over optimal controls. In the presence of measurement
noise, this control law has more conservative gains than [73], in order to remain
compliant enough for the measurement noise level. Writing these terms back into
the right-hand side of the HJB, the minimization can be solved and it can be verified
that the quadratic Ansatz for the value function remains quadratic and is thus valid.
Finally, matching terms in left-hand and right-hand sides of the HJB equation, the
backward pass recursion equations become:
−S˙xt =Qt + B(At, Sxt ) + B(Sxxˆt , τt)+
σ(Sxt
TαtSxt + S
xxˆ
t βtS
xxˆ
t
T
)
−S˙xˆt =B(κt, Sxˆt ) + Gxt TH−1t Gxt −Gxˆt
T
H−1t G
xˆ
t +
σ(Sxxˆt
T
αtSxxˆt + S
xˆ
t
T
βtSxˆt )
−S˙xxˆt =ATt Sxxˆt + Sxxˆt κt + τTt Sxˆt −Gxt TH−1t (Gxt + Gxˆt )+
σ(Sxt
TαtSxxˆt + S
xxˆ
t βtS
xˆ
t )
−s˙xt =qt + ATt sxt + τTt sxˆt −Gxt TH−1t gt+
σ(Sxt
Tαtsxt + S
xxˆ
t βts
xˆ
t )
−s˙xˆt =κTt sxˆt −Gxˆt TH−1t gt + σ(Sxxˆt
T
αtsxt + S
xˆ
t
T
βtsxˆt )
−s˙t =qt − 12 g
T
t H
−1
t gt +
1
2
Tr
(
Sxt αt + S
xˆ
t βt
)
+
σ
2
(
sxt
Tαtsxt + s
xˆ
t
T
βtsxˆt
)
(35)
where for convenience of presentation the following definitions were used: B(X, Y) =
XTY + YTX, τt = KtFt and κt = At −KtFt. The integration runs backward in time
with Sxt = Q f , S
xˆ
t = 0, S
xxˆ
t = 0, s
x
t = q f , s
xˆ
t = 0 and st = q f . Despite being long, it
is a very simple to implement solution, similar to any other LQR-style recursion.
Remark The effects of process and measurement noise appear in pairs because
their Brownian motions were assumed to be uncorrelated (see g˜(t) in (31)). However,
their combined effect is not just as having higher process noise. Estimation couples
their effects, and this can be seen in the recursion eqns. that do not only contain
costs for the state and its estimate Sxt and S
xˆ
t , but also the coupling cost S
xxˆ
t , whose
products with the covariances of process noise and estimation errors determine how
process and measurement noise affect the value function and therefore the control
law. As will be seen in the experimental section, the higher the process noise, the
higher the feedback gains, while the opposite holds for measurement noise.
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5.4.2 Discrete-Time Algorithm
This section will briefly derive a discrete-time version of the algorithm, amenable
for computational implementation and control, but that remains similar in spirit to
the continuous time version. Note that all the details that can be easily recovered
from the continuous case discussion are skipped. The reading of this section can be
omitted safely without hindering the understanding of the rest of the chapter, since
the derivation to come synthesizes the same algorithm only in discrete form.
The algorithm begins with a nominal control unk and state sequence x
n
k . It also
requires to obtain a discrete linear approximation of the dynamics and a quadratic
approximation of the cost along the nominal trajectories unk , x
n
k in terms of state and
control deviations δxk = xk − xnk , δuk = uk − unk , which is given by:
δxk+1 =Akδxk + Bkδuk + Ckωk (36)
δyk+1 =Fkδxk + Ekδuk + Dkγk (37)
where ωk ∼ N (0,Ωk) and γk ∼ N (0, Γk) are zero-mean Gaussian variables. The
matrices Ak , Bk , Ck , Dk , Ek , Fk , discretized along the nominal trajectories, are:
Ak = I + ∆t∂f/∂x, Bk = ∆t∂f/∂u, Ck =
√
∆tgx(x, u)
Fk = ∆t∂h/∂x, Ek = ∆t∂h/∂u, Dk =
√
∆tgy(x, u)
The quadratic approximation of J is given by
˜`(x, u, k) =qk + qTk δxk + r
T
k δuk +
1
2
δxTk Qkδxk + δx
T
k Pkδuk +
1
2
δuTk Rkδuk (38)
˜`N(x) =qN + qTNδxk +
1
2
δxTk QNδxk (39)
where qk = qt∆t, qk = qt∆t, rk = rt∆t, Qk = Qt∆t, Pk = Pt∆t and Rk = Rt∆t. As
in the continuous time case, a state estimator is introduced using a discrete-time
Extended Kalman Filter, whose equation is given by
δxˆk+1 =Akδxˆk + Bkδuk + KkFk(δxk − δxˆk) + KkDkγk
Combining the estimator and the state dynamics, an extended system is formed by
the composition of the control and estimation dynamics, that takes the form:[
δxk+1
δxˆk+1
]
︸ ︷︷ ︸
δx˜k+1
=
[
Akδxk + Bkδuk
Akδxˆk + Bkδuk + KkFk(δxk − δxˆk)
]
︸ ︷︷ ︸
f˜(δx˜k ,δuk)
+
[
Ck 0
0 KkDk
]
︸ ︷︷ ︸
g˜(k)
[
ωk
γk
]
where δxˆk is the estimate of the state δxk , and δx˜k the composite vector [δxk , δxˆk ]T .
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5.4.2.1 Estimator design
An EKF that minimizes the expected outer-product of the error dynamics is used.
The optimal estimation gains that minimize
Σek+1 =(Ak −KkFk)Σek(Ak −KkFk)T + KkDkΓkDTk KTk + CkΩkCTk (40)
are given by
Kk =AkΣekF
T
t (FtΣ
e
kF
T
t + DtΓtD
T
t )
−1 (41)
They are updated at each iteration in a forward pass along the nominal trajectories,
and then fixed during the backward pass to compute feedback control policies.
5.4.2.2 Controller design
This subsection presents the derivation of the backward pass recursion equations to
compute the optimal feedback control law. The locally-optimal control law is affine,
of the form δuk = lk + Lkδxˆk. The Ansatz for the value function is still quadratic
and the recursion equation is given by the following expression
Ψσ(δx˜k , k) = minu
{ ˜`(x, u, k) +E[Ψσ(δx˜k+1, k + 1)]}
The subscript σ is a reminder that, although this eq. is similar to the usual Bellman
eq., noise propagation is different. Here, besides the usual diffusion cost (noise
effects on the mean), the cost of uncertainty given by the HJB Eq. (26) in the σ-
dependent term is included. Using the linear dynamics of the extended system,
the quadratic cost eqns. (38)-(39), and the quadratic Ansatz, it is easy, but long to
write the Bellman eq., which is why we omit it here. It is worth pointing out, that
the gradients of the Ansatz for evaluating how noise propagates, should not be
evaluated at δx˜k, but at δx˜k+1. This allows to capture noise effects in the control
terms, and derive a risk- sensitive control law. The control law has the form
δuk = lk + Lkδxˆk = −H−1k gk −H−1k (Gxk + Gxˆk )δxˆk (42)
where Hk , gk , Gxk and G
xˆ
k are given by
Hk =Rk + BTk
(
Sxk + S
xˆ
k + S
xxˆ
k + S
xˆx
k
)
Bk+
σBTk
(
Sxk + S
xxˆ
k
)T
αk
(
Sxk + S
xxˆ
k
)
Bk+
σBTk
(
Sxˆxk + S
xˆ
k
)T
βk
(
Sxˆxk + S
xˆ
k
)
Bk
gk =rk + BTk
(
sxk + s
xˆ
k
)
+ σBTk
(
Sxk + S
xxˆ
k
)T
αksxk+
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σBTk
(
Sxˆxk + S
xˆ
k
)T
βksxˆk
Gxk =P
T
k + B
T
k
(
Sxk + S
xˆx
k
)
Ak + BTk
(
Sxˆk + S
xxˆ
k
)
KkFk+
σBTk
(
Sxk + S
xxˆ
k
)T
αk
(
Sxk Ak + S
xxˆ
k KkFk
)
+
σBTk
(
Sxˆxk + S
xˆ
k
)T
βk
(
Sxˆxk Ak + S
xˆ
k KkFk
)
Gxˆk =B
T
k
(
Sxˆk + S
xxˆ
k
)
(Ak −KkFk) +
σBTk
(
Sxk + S
xxˆ
k
)T
αkSxxˆk (Ak −KkFk) +
σBTk
(
Sxˆxk + S
xˆ
k
)T
βkSxˆk (Ak −KkFk)
For notational convenience, the following shortcuts were defined: αk = CkΩkCTk ,
βk = KkDkΓkDTk K
T
k , τk = KkFk, κk = Ak − KkFk, ‖X‖Y = XTYX, ρk = Sxxˆk+1Ak +
Sxˆk+1τk , ηk = S
x
k+1Ak + S
xxˆ
k+1τk . Finally, by inserting the optimal control in the RHS
of the Bellman eq., and grouping together terms with similar coefficients of δxk and
δxˆk , the following set of backward recursion eqns. can be obtained:
Sxk =Qk + ‖Ak‖Sxk+1 + (τ
T
k S
xˆ
k+1 + 2A
T
k S
xxˆ
k+1)τk+
σ
(
‖ηk‖αk + ‖ρk‖βk
)
Sxˆk = ‖κk‖Sxˆk+1 + L
T
k HkLk + 2G
xˆ
k Lk+
σ
(∥∥∥Sxxˆk+1κk∥∥∥
αk
+
∥∥∥Sxˆk+1κk∥∥∥
βk
)
Sxxˆk =ρ
T
k κk + G
x
k Lk+
σ
(
ηTk αkS
xxˆ
k+1κk + ρ
T
k βkS
xˆ
k+1κk
)
sxk =qk + A
T
k s
x
k+1 + τ
T
k s
xˆ
k+1 + G
x
k lk+
σ
(
ηTk αks
x
k+1 + ρ
T
k βks
xˆ
k+1
)
sxˆk =κ
T
k s
xˆ
k+1 + L
T
k H
T
k lk + L
T
k gk + G
xˆ
k lk+
σ
(
(Sxxˆk+1κk)
Tαksxk+1 + (S
xˆ
k+1κk)
Tβksxˆk+1
)
sk =sk+1 + qk +
1
2
lTk Hklk + l
T
k gk +
1
2
Tr(Sxk+1αk+
Sxˆk+1βk) +
σ
2
(∥∥sxk+1∥∥αk + ∥∥∥sxˆk+1∥∥∥βk
)
(43)
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where the recursion runs backward in time from SxN = QN , S
xˆ
N = 0, S
xxˆ
N = 0,
sxN = qN , s
xˆ
N = 0 and sN = qN .
5.4.3 Implementation details and algorithm summary
Algorithm 2 Risk-Sensitive Nonlinear Control
Given:
- Risk sensitivity parameter σ
- System dynamics (21), measurement model (22), and cost function (23)
Initialization:
- Start with a stable control law pi(t, x)
repeat
- Forward integrate or propagate the system dynamics to
compute a nominal trajectory: xn1:T , u
n
1:T
- Linear approximation of the dynamics. Eqs. (27)-(28) or (36)-(37)
- Quadratic approximation of the cost. Eqs. (29)-(30) or (38)-(39)
- Forward pass for estimation gains. Eqs. (32)- (33) or (40), (41)
- Backward pass with regularization parameter λ. Eqs. (35) or (43)
- Update control law with line search parameter α,
pi(t, x) = un(t) + αl(t) + L(t)(x(t)− xn(t))
until convergence or a termination condition is satisfied
Algorithm 2 summarizes the procedure to compute locally-optimal feedback
control policies sensitive to process and measurement noise. It is important to
mention two implementation details used for the discrete-time case, as presented
in [39]. First of all, when computing the optimal control in Eq. (42), Hk needs to be
inverted. When it is positive-definite, the unique minimizer can be readily found. If
it is not, there exist control directions which would allow to make the cost arbitrarily
small. This is obviously not true for the nonlinear system, it appears because of the
approximations (compare for example Hk with Ht). To control this, a regularization
term λI is used to make the sum Hk + λI positive-definite. This brings an additional
advantage: when the sensitivity parameter takes a large value so as to make the
matrix Hk be negative-definite, by including the regularization term, the feedback
gains being too loose does not happen anymore. An outer-loop regulates λ, similar
to [39]. The second detail, is that when propagating the dynamics with the updated
control sequence, the new state trajectory might diverge. By adding a line search
with parameter α ∈ [0, 1], a control sequence that generates a reduction in the cost
can still be found and progress in the optimization can be made.
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5.5 feedback control architecture for kino-dynamic movement
plans
In the previous section, a method for synthesis of noise-sensitive feedback controllers
was derived (as summarized in algorithm 2), that requires the definition of a state
dynamics and measurement models (f(x, u) and h(x, u) respectively as defined
in (21)-(22)), as well as of the desired cost to be minimized. This section will
describe how the previously derived algorithm can be applied to stabilize whole-
body movement plans on a simulated humanoid robot and will thus define the
appropriate models and objective functions required by the algorithm. As explained
in the introductory background section 1.6, the algorithm described in chapters
3-4 for whole-body motion optimization is based on exploiting the kino-dynamic
separability of the centroidal momentum dynamics model, as shown in Figure 1.
In the same spirit, the feedback control architecture for tracking of kino-dynamic
movement plans, proposed in this chapter, makes use of this decomposition to
synthesize independently impedance behaviors for tracking of the desired whole-
body motion (kinematic plan) and momentum trajectory (dynamic plan). These
optimally designed closed loop behaviors will finally serve as input to an inverse
dynamics controller, that while respecting all physical constraints, will compute
the torques required to generate in the robot a behavior as close as possible to the
desired ones.
In the rest of this section, the design of kino-dynamic feedback controllers and its
use within an inverse dynamics controller will be presented.
5.5.1 Optimal Impedance Behavior for Centroidal Momentum Plans
The dynamics side of the kino-dynamic trajectory optimization approach is in charge
of finding dynamically feasible endeffector contact wrenches (forces and torques) as
well as contact locations that support the generation of a desired dynamic motion
while satisfying all physical dynamics constraints. Thus, the goal of the impedance
controller for a dynamic plan is to stabilize the robot state trajectories h around
the desired ones hdes using the available controls. In other words, the robot state
trajectories to be stabilized using the available controls ut, namely contact forces fe
and contact torques γe (with respect to the frame at the endeffector pose), include
the robot’s center of mass r and centroidal momenta l, k. Figure 31 shows the
structure used to synthesize a dynamics feedback controller.
The most important components include:
• The performance criteria Jdyn composed by two terms: φdyntrack used to reward
good tracking of the desired center of mass and momentum trajectories, and
φ
dyn
t used to regularize controls and include user-defined rewards.
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Figure 31: This figure shows the inputs (desired momentum and contact force trajectories),
outputs (momentum and force impedances) and the definition of process and
measurement models as well as of the objective used to optimize an impedance
for tracking of momentum and contact force behaviors.
• The process model in this system defined by fdyn that maps previous state
ht−1 and control inputs u =
[
. . . feT γTe . . .
]T
to output state ht.
• The measurement model hdyn that for simplicity, but without loss of generality,
is assumed to consist of a noisy measurement of each state.
• The zero-mean noise parameters ωht and γht that encode the stochasticity
within the process and measurement models respectively.
• The inputs to this system are the desired centroidal dynamics hdest and contact
force λdest trajectories generated by the kino-dynamic trajectory optimizer, and
the outputs are a set of impedance policies Kh, Kλ for closed loop tracking of
the desired dynamic behaviors.
The force gain Kλ is the control policy produced by the noise-sensitive algorithm
mapping tracking errors in the state to corrections in the control actions (contact
forces λt). The momentum gain Kh is obtained by pre-multiplying the force gain
Kλ by the control transition matrix of the linearized dynamics, and maps tracking
errors in the state to corrections in the state (center of mass and momentum). Thus,
together Kh and Kλ allow to update nominal momentum trajectories and reference
contact wrenches according to the current errors in state tracking, behaviors which
serve then as input to an inverse dynamics controller that attempts to generate the
torques to follow them as close as physically possible.
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Figure 32: This figure shows the inputs (desired momentum and whole-body motion trajec-
tories), output (whole-body gain) and the definition of process and measurement
models as well as of the objective used to optimize an impedance for tracking of
whole-body motion behaviors.
5.5.2 Optimal Impedance Behavior for Whole-Body Motion Plans
The kinematics side of the kino-dynamic trajectory optimization is in charge of
finding a kinematically feasible sequence of robot postures q, velocities q˙ and
accelerations q¨ within the robot limits that resemble the dynamically optimized
center of mass motion and centroidal momentum. Thus, the goal of the impedance
controller for a kinematic plan is to stabilize the robot state trajectories q, q˙ around
the desired ones qdes, q˙des using the available controls, namely contact forces λ
and joint torques τj, such that the motion-induced momentum h = A(q)q˙ follows
the desired dynamics one hdes. Consequently, to synthesize a kinematics feedback
controller, the structure defined in Figure 32 is used.
Its most important components include:
• The performance criteria J pikin composed as in the previous case by two
components, namely: φkintrack used to reward good tracking performance of de-
sired momentum and kinematic state trajectories; and φkint used to regularize
controls and include user-defined rewards.
• The process model corresponds to the equations of motion of a floating-base
rigid-body system. The state dynamics are defined by fkin that maps previous
state xt−1 and control inputs u =
[
λTt τ
T
t
]T
to the output state xt.
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• The measurement model hkin is for simplicity, but without loss of generality,
assumed to consist of a noisy measurement of each state variable in xt.
• The zero-mean noise parameters ωht and γht that encode the stochasticity
within the process and measurement models respectively.
• The inputs to this system are the desired centroidal dynamics hdest and
whole-body motion trajectories qdest generated by the kino-dynamic trajectory
optimizer, and the outputs are a set of impedance policies Kq for closed loop
tracking of the desired motion behavior.
It is worth highlighting that the objective function for tracking the kinematically
optimized motion plans is defined for simplicity in joint space (stabilization of robot
postures and velocities q, q˙), but it could also be defined in cartesian space (in terms
of tracking of endeffectors’ cartesian trajectories pe,t − pdese,t ) as the endeffectors’
locations can be easily computed applying a forward kinematics algorithm to the
current joint configuration pe,t = ForwKin(qt).
Note also that in this problem the equations of motion are not being used to
optimize a motion from scratch, but instead only to find a locally optimal impedance
controller around the trajectories provided by the kino-dynamic motion planner.
To synthesize a feedback controller for a whole-body motion plan torque slack
variables are used to have full control over the degrees of freedom of the floating-
base; however, they are heavily penalized so as to guarantee that their value is
negligible. In practice they make it much easier to perform a couple of iterations
of the algorithm to synthesize a feedback controller. Alternatively a simplified
kinematics model such as the one used for building the kinematic plan in chapter 4
could be used instead of the equations of motion to simplify the computation of
derivatives, while still allowing to synthesize optimal control policies capable of
stabilizing a whole-body motion behavior.
The noise-sensitive algorithm generates a torque gain Kτ as the control policy.
It maps tracking errors in the state to corrections in the control actions (contact
forces λt and joint torques τt). The whole-body gain Kq can be obtained by pre-
multiplying the torque gain Kτ by the control transition matrix of the linearized
system dynamics, and it maps tracking errors in the state to corrections in the state
(whole-body motion trajectories). Notice that only the whole-body gain Kq is used
to update the nominal motion plan as the inverse dynamics controller takes care of
resolving the torques that track as good as physically possible the hierarchical task.
5.5.3 Inverse Dynamics Controller
The hierarchical inverse dynamics controller [92] is used to compute the torques
to realize the desired kino-dynamic behaviors. This controller computes at each
timestep the torques required to track as close as possible the desired references
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Rank Task/Constraint
1 Friction constraint
Center of Pressure constraint
Stance endeffector acceleration task
2 Force control task
Momentum rate control task
Base orientation control task
Joint acceleration control task
Swing endeffector acceleration task
Table 1: Definition of tasks and ranks for a hierarchical inverse dynamics controller.
References for Inverse Dynamics Controller
Figure 33: This figure shows how control references for the hierarchical inverse dynamics
controller are computed. Given these references and a description of the ranks
and importance weightings of tasks within each hierarchy, the hierarchical inverse
dynamics controller [92] will compute the required joint torques to track the
desired closed loop behaviors as close as possible within the feasible sets.
given a set of hierarchies that define strict task priorities and the importance weight-
ing of each task within a hierarchy. The most important references provided include
endeffector wrenches, joint accelerations, and momentum rate references, as shown
in Figure 33. These references include a feedforward term provided by the motion
planner and state-control corrections coming from the feedback controllers. Controls
are interpolated and low-pass filtered to obtain smooth continuous trajectories.
Kλ and Kh are force and momentum gains respectively, used for optimal stabiliza-
tion of the desired dynamic behaviors. Similarly, within the kinematics problem Kq
is the whole-body gain to optimally track whole-body behaviors. The hierarchical
inverse dynamics problem is solved using the set of ranks and tasks described in
Table 1. Note that for simplicity only two hierarchies are used: one for constraints
and one for tasks, but other architectures are also possible as well.
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5.6 experimental results
The experimental results, to be shown in this section, include simple experiments
to analyze the effect of noise sensitivity into the feedback control policies, but also
more complex ones to evaluate the algorithm’s performance at the stabilization
of kino-dynamic motion plans on a simulated humanoid robot. The performed
experiments demonstrate the effect of considering measurement uncertainty on
impedance policies and the behaviors they generate. The capabilities of the proposed
feedback control architecture are tested in several multi-contact scenarios (as shown
in Figure 9) including climbing stairs with and without using hands, among others.
5.6.1 Experiment 1: Process Noise Vs. Measurement Uncertainty
In this subsection, the control algorithm is applied to a two degree of freedom
(DOF) manipulator on a passing through a viapoint task. This simple setting allows
the analysis of important properties of the algorithm.
Its equations of motion are given by M(q)q¨ +C(q, q˙) = J(q)Tλ+ τ. The vector
q = [q1, q2]T contains the joints positions. M(q) denotes the inertia matrix, C(q, q˙)
the vector of Coriolis and centrifugal forces, J(q) the endeffector Jacobian, λ ∈ R2
the external forces and τ ∈ R2 the input torques. The system dynamics can be easily
written in the form given by equation (21) with additive process noise dω and state
x = [qT , q˙T ]T . The measurement model can also easily be written in the form given
by equation (22) (dy = dx + dγ) with Brownian motion γ and variance Γdt.
The effects of process and measurement noise in the control law are compared in
a motion task between two points with several viapoints. The objective function
J =
t f
∑
0
Qu(τ) +
Nvia
∑
i=1
Qi(x− xi) +Qt f (x− xt f )
measures task performance. x, xi , xt f ∈ R4 are current, viapoints and final desired
endeffector positions and velocities, respectively. Qu, Qi and Qt f are quadratic cost
functions that regularize control signals, reward passing through the viapoints and
arriving to the final endeffector location given in cartesian space.
First, motion and optimal feedback behaviors for this system are shown under no
process noise and no measurement uncertainty (Figure 34, to the left). Then, the
center plot in Figure 34 presents the results of evaluating the effects of increasing
process noise while keeping the level of measurement uncertainty at zero. It shows
the nominal motion and optimal feedback gains for the motion task under process
noise. As process noise increases, the cost of uncertainty does too, because the ma-
nipulator might miss passing through the viapoints or the goal due to disturbances.
Under these circumstances, the trade-off between cost of uncertainty and control-
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No Noise Process Noise Measurement Noise
Figure 34: This figure depicts cartesian trajectories and impedances to control the motion
of a 2-DOF finger moving from a Start to and End point passing through three
Viapoints. To the left, optimal impedance behaviors under no noise in the system
are shown; in the center, the impedance gains under process noise; and to the right,
the values of feedback gains under measurement noise. Notice that the higher
the process noise, the higher the optimal values for the impedances; while for
measurement uncertainty: the higher the noise, the lower the feedback gains.
effort involves feedback gains proportional to the process noise, the higher the process
noise, the higher the feedback gains in order to maintain the desired performance.
In a second set of simulations, the effect of increasing measurement uncertainty
under no process noise are tested (Figure 34, to the right). Optimal feedback gains
and nominal motion trajectories for the motion task under measurement noise
are shown. Feedback gains are also higher near viapoints and goal position, as
in the case of the controller sensitive to process noise. The difference is that the
optimal control policy in this case is to rely on feedback proportionally to the
information content of the measurements, i.e. the higher the measurement uncertainty,
the lower the feedback gains. It shows how under low measurement noise, feedback
control with higher gains is possible and optimal (as shown in the No Noise case).
Under high measurement noise, lower impedance is better. In these experiments,
the risk sensitive parameter was kept constant as it is not the focus of this paper
(see for example [73]). However, the effects of process and measurement noise are
qualitatively similar for the allowed values of σ (data not shown).
5.6.2 Experiment 2: Process Noise Vs. Measurement Uncertainty with Control Constraints
In this experiment, the algorithm is applied in a control-constrained task, namely
a car parking maneuver [31], where front wheels’ acceleration and turning angle
are constrained. This experiment allows to show that the proposed algorithm can
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Figure 35: This figure shows examples of nominal trajectories for the car parking example:
to the left, cartesian motion and orientation of the car moving from a Start to an
End position are shown; in the center, the evolution of the state variables over time
("x, y" cartesian position, θ angle with respect to the x-axis, and the velocity of the
forward wheels "v") is displayed; and to the right, nominal control feedforward
trajectories ("a" acceleration of front wheels and "α" turning angle of the wheels).
still be applied to a more complex system that includes control constraints and the
same tendency in the optimal noise-dependent impedance behaviors holds.
The system’s state (x, y, θ, v) is composed by: "x, y" the position of the point in
between the backward wheels, θ is the angle of the car with respect of the x-axis,
and "v" denotes the velocity of the front wheels. The control vector is composed
by: α denoting the angle of the front wheels, and "a" the acceleration of the front
wheels. Similarly to the formulation of the car parking experiment presented in [31],
the rolling distance of front and back wheels is defined as:
f = ∆v
b = f cos(α) + d−
√
d2 − f2 sin2(α)
where "d" denotes the distance between the front and back axles, and ∆ the timestep
discretization. The discrete-time system dynamics are given by:
xk+1 = xk + b cos(θ)
yk+1 = yk + b sin(θ)
θk+1 = θk + arcsin
(
sin(α)
f
d
)
vk+1 = vk + ∆a
The cost for the parking task is written as a final cost on the distance from the last
state from (0,0,0,0), being at the origin and facing towards east at rest.
Figure 35 shows examples of nominal optimized trajectories for the car parking
experiment. The left picture shows the car’s motion in cartesian space to reorient
its angle θ so that it faces towards east as desired. The center plot shows how all
states converge to zero as desired; and the right plot depicts the nominal control
feedforward trajectories and shows how them respect control limits.
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Figure 36: This figure shows examples of constrained feedback gains optimized with our
algorithm and a constrained minimization of control signals. To the left, we show
optimal impedance behaviors under no noise in the system; in the center, the
impedance gains under process noise; and to the right, the values of feedback gains
under measurement noise. We notice that under process noise, high impedance
control is optimal; while under measurement uncertainty, compliant impedance
control is optimal.
Finally, Figure 36 shows the effect of noise sensitivity to the different sources
of uncertainty over impedance policies for tracking and stabilization of a desired
behavior. Feedback control gains are constrained, similarly to [31], in such a way
that they satisfy control constraints. The left plot shows feedback gains for a nominal
zero noise case, where no process noise and no measurement noise are present
into the system. It serves as a baseline for comparison to the gains of systems
under different kinds of noise. The center plot presents feedback gains for this
system under process noise. It is possible to see that the effect of process noise, such
as external disturbances that can physically perturb the system, over the optimal
control policy is the increase of the feedback gains as a function of the process noise
level to scale down noise effects on the system. In contrast, in the measurement
noise case (shown in the right plot), the effect of noise over the feedback policy
is to decrease its value. One can interpret this result as: feedback based on noisy
measurements is avoided, precisely because the confidence on the measurements is
low and thus the system prefers to use feedforward control signals for control.
5.6.3 Experiment 3: Stabilizing a Multi-Contact Interaction Task
Our previous work [129] presented a simple contact interaction experiment where a
2-DOF manipulator established contact with a wall at an uncertain distance. The
work in this chapter goes beyond this result and shows the results of applying the
algorithm for controlling multi-contact interaction tasks on a humanoid robot.
5.6.3.1 Nominal Impedance for Tracking Kino-Dynamic Plans
This subsection presents in the first place the tracking performance of kino-dynamic
motion plans using the described impedance controllers under nominal conditions
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(i.e. the evaluation of the impedance controllers’ performance is under very small
noise environments). As described in the background introductory section 1.6, the
bridge between kinematic and dynamic variables is the robot centroidal momentum.
Thus, its tracking allows to evaluate the success in the execution of a motion. Figure
37 and 38 show the tracking of optimized movement plans using the architecture
described in Fig. 29. The top three rows show desired momentum trajectories (in
orange) as well as its tracking (in blue). At the bottom left corner, the activation
of the endeffectors over time can be seen, as given by the optimal timings, shown
at the bottom right corner. At the beginning of the motion execution, the robot
transitions from a stiff feedback controller to a pure feedforward one that includes
feedforward and feedback control references; in this phase, executed momentum
trajectories differ from desired ones. Figures 37 and 38 show how the proposed
architecture for feedback control allows to track kino-dynamic behaviors as desired,
given that planned force- and motion-induced momentum trajectories match at
execution.
5.6.3.2 Robust Impedance for Tracking of Kino-Dynamic Plans
This subsection evaluates the effect of measurement uncertainty over optimal
impedance gains for a multi-contact interaction task. The climbing up stairs motion
task, shown in Fig. 9d, is used to illustrate these effects. Section 5.6.3.1 presented
simulation experiments that showed that this motion can be successfully executed
using the developed feedback controllers in an environment with very small noise
levels. However, real world scenarios are noisy and thus now it will be shown
that the use of this information is helpful at synthesizing noise-sensitive feedback
controllers capable of successfully realizing a motion in such an environment. En-
vironmental uncertainty is introduced by randomly perturbing the height of the
stepping stones a few centimeters.
Under this setting, a comparison between a feedback controller sensitive to
measurement uncertainty and one sensitive to process noise will be shown. As the
uncertainty lies in the not exactly known contact locations (due to perturbations in
stepping stone locations), uncertainty is modeled within the impedance controllers
for tracking of kinematic plans (e.g. feedback controllers sensitive to noise in the
legs’ joints are synthesized) and feedback controllers for tracking of dynamic plans
are synthesized with very small noise level. Figure 39a shows to the right a heat
map of a force gain Kλ at one timestep of the trajectory. The top 6 and bottom 6
rows correspond to the wrench of the different feet. The first 3 columns correspond
to gains for control corrections due to errors in the center of mass, the central 3
columns to corrections due to errors in linear momentum and the last 3 are gains
for control corrections due to errors in angular momentum tracking. To the left a
plot showing the norm of 3× 3 sub-blocks of the force gains plotted over time can
be visualized.
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Figure 37: This figure shows examples of tracking desired centroidal momentum dynamic
trajectories using the described kino-dynamic feedback controllers for a climbing
up stairs motion. Momentum trajectories are shown normalized by the robot
mass. EffAct plots show the activation of each endeffector over time. Vertical
colored bars help to match optimal endeffector activations over time with bottom
right plots displaying the optimal duration of each timestep discretization.
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Figure 38: This figure shows examples of tracking desired centroidal momentum dynamic
trajectories using the described kino-dynamic feedback controllers for a climbing
up using hands motion. Momentum trajectories are shown normalized by the
robot mass. EffAct plots show the activation of each endeffector over time. Vertical
colored bars help to match optimal endeffector activations over time with bottom
right plots displaying the optimal duration of each timestep discretization.
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(a) Force gains Kλ in dynamics feedback controller.
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Figure 39: This figure shows time-indexed trajectory values and a heat map visualization of
(39a) force, (39b) momentum and (39c) whole-body gains.
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Figure 40: Cartesian force and location in the z direction of: measurement-noise sensitive
feedback controller (to the left) and process-noise feedback controller (to the
right).
Fig. 39b displays similar results but for the momentum gains Kh, which are
obtained by pre-multiplying the force gains by the control transition matrices of
the linearized dynamics along the optimal trajectories. In the heat map, the first 3
rows correspond to linear momentum corrections and the last 3 rows to angular
momentum corrections. As can be seen in the plots, the gains contain off-diagonal
terms leading to optimal coupling between linear and angular momentum, which
does not happen in a naive diagonal feedback control gain. To the left, the norm of
3x3 sub-blocks of the momentum gain plotted over time is shown. As can be seen,
gain profiles change significantly over time and contact configurations to exploit
the different couplings; however, discontinuities in the momentum trajectories were
not observed.
While the dynamics feedback controllers are the same for both scenarios (model-
ing contact uncertainty either as measurement or process), the kinematics feedback
controllers, shown in Fig. 39c, are not. To the right, heat maps of whole-body gains
are shown at one timestep of the trajectories mapping errors in the joint configura-
tions to corrections in joint accelerations. q¨measlegs corresponds to corrections in joint
accelerations when contact location uncertainty has been modeled as measurement
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Figure 41: A standard feedback controller (optimized for negligible levels of noise) has also
a similar problem to the controller sensitive to process-noise. Its optimal control
policy implies also feedback gains high enough for a good tracking of the desired
joint posture, reason for which when performing the motion in an uncertain
environment, the robot hits the stepping stone laterally and fails.
noise, while q¨proclegs corresponds to corrections when contact location uncertainty
has been modeled as without noise in the process model. Each leg is composed
by four joints to control endeffector positions (HFE Hip Flexion-Extension, HAA
Hip Abduction-Adduction, KR Knee Rotation, KFE Knee Flexion-Extension) and of
three joints to control endeffector orientations. In these heat maps, only gains of the
four joints in each leg that control positions and its couplings are shown. Notice
that the off-diagonal terms significantly help to more easily track desired kinematic
motions, while requiring lower gains than naive diagonal gains. To the left, the
norm of the 4x4 diagonal sub-blocks of the whole-body gains plotted over time is
shown. The dashed-dotted lines correspond to the norm of the controller gains that
model uncertainty as process noise, and the solid lines correspond to the norm of
the gains that model uncertainty as measurement noise. They have been normalized
to one and show that measurement uncertainty leads to more compliant impedance
behaviors that can ease the execution of a task in an uncertain environment.
In Fig. 40, an execution comparison of both feedback controllers in the uncer-
tain environment is shown. On the gray highlighted region, it is shown how the
impedance controller, sensitive to measurement uncertainty, smoothly handles land-
ing on a stepping stone earlier than expected. However, the feedback controller
sensitive to process-noise has a different behavior. Because it requires a stiffer policy,
it impacts the stepping stone and bounces up again, which leads to higher forces
on the active leg to support the robot’s full weight. In the same figure, top pictures
show how the controller sensitive to measurement uncertainty instead slides over
the stepping stone after the early landing with a smooth interaction.
Finally Figure 41 shows how a standard feedback controller would also fail in
such a noisy scenario as its control policy for the kinematic plan requires gains to
track the desired postures that lead to the robot hitting laterally the stepping stone.
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The presented experiments have shown that process noise is fundamentally different
from measurement noise. While the first one is a dynamics disturbance that requires
control using high feedback gains; the second one represents uncertainty in the state
information, and requires compliance proportional to the uncertainty to dynamically
interact with the world given our limited knowledge about it.
The fundamental difference between process and measurement noise effects on
the control law comes from the cost they penalize. Cost of uncertainty due to
process noise increases with terms of the form CtΩtCTt . Under no control action,
process noise increases the cost. Thus, regulation with high gains is optimal. For
measurement noise, cost grows with terms KtDtΓtDTt K
T
t and estimation gains
are inversely proportional to measurement noise. Thus, not using informative
measurements is costly and requires high feedback gains. For poorly-informative
measurements, cost is low and control with lower gains is optimal. This behavior
can be used in robotic tasks with dynamic interactions. For example when making
a contact, behaving compliant under poor contact-information could be the robust
way of behaving. Once the contact is established and position certainty is higher,
feedback gains could then be increased. In a receding horizon setup, gaining
information about the current state of the world after contact would allow to online
adapt the feedback control policy.
From a computational point of view, the algorithm, as shown in the experimental
section, scales to complex systems. The complexity of a call to the dynamics can
be approximated by its heaviest computation (factorization and back-substitution
of M(q)) as roughly O(n3), n being the number of states. The most expensive
computation is that of first derivatives O(Nn4), N being the number of timesteps in
the horizon. This is in the same order of complexity as other iterative approaches that
show very good performance on also complicated robotic tasks [39], [31], although
those examples did not exploit measurement uncertainty for control. While the
proposed approach requires using twice the number of actual states, which increases
the solving time a small amount, this is still fine given the impressive results of
recent papers on high dimensional robotics problems with contacts [194].
5.8 conclusion
An iterative algorithm for finding locally-optimal feedback controllers for nonlinear
systems with additive measurement uncertainty was presented. In particular it
was shown that measurement noise leads to very different behaviors than process
noise and it can be exploited to create low impedance behaviors in uncertain envi-
ronments (e.g. during contact interaction). This opens the possibility for planning
and controlling contact interactions based on controllers sensitive to measurement
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noise. In a receding horizon setting, it could be possible to regulate impedance in a
meaningful way depending on the current uncertainty about the environment.
Chapter6
S U M M A RY A N D C O N C L U S I O N
An approximate solution to the right problem is far better than
an exact answer to an approximate problem.
— John Wilder Tukey, American statistician, 1915 -2000
This chapter concludes this dissertation by summarizing the approach proposed
for motion planning and control of legged robots in multi-contact scenarios.
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6.1 summary
This dissertation proposed an optimal control-based architecture for contacts and
motion planning as well as for feedback control of floating-base robots performing
complex tasks in multi-contact scenarios. The proposed architecture has been
specially designed for floating-base rigid-body systems (such as robots with arms
and legs) to exploit the geometrical properties of the trajectory optimization problem
(dynamically challenging task in contact-rich scenarios) by efficiently building an
approximate structured solution of the problem. The approach scales down the
challenges of solving a very large nonlinear and nonconvex optimization problem
by breaking it down into smaller problems and finding approximate solutions using
efficient solvers with polynomial-time convergence properties. For instance, the
discrete optimization problem, that in a first stage is in charge of selecting contact
surfaces and locations from a terrain description, does not consider a full floating-
base dynamics model that would render the optimization problem intractable.
Instead it makes use of an approximate dynamics model based on the centroidal
momentum dynamics and a simple kinematic reachability model, which give the
algorithm a notion of dynamics and kinematics so as to keep its solution consistent
and feasible for the next phase, but at the same time easy to find. Then in the
next phase, the motion planning algorithm resolves in more detail whole-body
movements, timings and contact interaction trajectories using solvers tailored to
each sub-problem of the kino-dynamic structure and as a local solution around the
previously selected contact surfaces.
The proposed architecture has been tested as a planning framework in simulation
on a torque controlled humanoid robot performing several multi-contact tasks.
However, its computational efficiency would make it well suited also as a framework
for close to real-time receding horizon planning of complex tasks for any robot
with arms and legs. The feedback control module of the proposed architecture,
based on the superposition property of task impedances for optimal tracking of
desired kino-dynamic behaviors as well as the adaptability of the control policies to
environmental uncertainty, made it possible to successfully execute in a physical
simulator several multi-contact motions over difficult terrains, even in the presence
of discrepancies between the expected and actual locations of the stepping stones.
The performed experiments have demonstrated the benefits of the proposed
architecture for motion planning and feedback control of legged robots thanks to the
properties it exploits. The contribution of this dissertation brings the state-of-the-art
in the field closer to the vision of real-time whole-body control of autonomous robots.
However, the reliable execution of highly dynamic tasks in complex environments
with real humanoid robots remains an open challenge for future research *.
* Source code is made available at https://git-amd.tuebingen.mpg.de/bponton/timeoptimization in the hope
that it can be useful to further progress of other interested researchers.
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To conclude, the most important contributions proposed in this dissertation include:
a structured solution of a motion planning problem that makes use of an appropriate
level of complexity for each planning stage, a contacts planner based on a measure
of dynamical robustness which makes it better suited for selecting contacts in
dynamically challenging scenarios, an approximation of the trajectory optimization
problem for time-optimal whole-body movement generation, and a feedback control
architecture to execute the desired kino-dynamic motion plans even in the presence
of uncertainties. Thus, the proposed architecture for contacts and motion - planning
and control of legged robots, based on the previously mentioned contributions,
made it possible as a whole to efficiently generate a contacts and motion plan as
well as to successfully execute it on a physical simulator. As future work remains
the testing of the proposed architecture in robotic hardware experiments.
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